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ABSTRACT
A multidimensional mathematical model, and corresponding 
computer a lgorithm , to  determine the level o f treatment to  be provided 
to a l l  p o llu ta n ts  discharged by d if fe re n t  users along a r iv e r  ne t, were 
developed 1n th is  In ve s tig a tio n . The treatment leve ls  determined by 
the model have the property th a t the sum o f a l l  the treatment costs 1s 
a minimum and the standards constra in ing the d if fe re n t dimensions o f 
q u a lity  are not v io la te d . The model was studied in  I ts  de te rm in is tic  
form w ith no consideration o f the stochastic  approach.
Powell's nonderivative technique was adopted as the optim iza­
tio n  technique, and mathematical proofs and discussions concerning the 
convergence o f the a lgorithm  are given.
Two example problems in vo lv ing  thermal and organic waste 
p o llu tio n  were constructed and solved w ith  the general p o llu tio n  computer 
model. The th e o re tica l model, as w ell as the example problems, consid­
ered a general converging and d iverg ing stream.
The computational re su lts  encourage fu rth e r research 1n the 
area o f the physical behavior o f p o llu tan ts  in  a stream, since the 
a v a i la b i l i ty  o f  a multidimensional model to f in d  minima, makes m u lt i­
p o llu tio n  r iv e r  basin management fe a s ib le .
For one o f the example problems, the a lgorithm  located fo u r
s ta tio na ry  po in ts provid ing fo u r a lte rn a tive s  to  choose from, although
one p o licy  was c le a r ly  b e tte r than the others. In a d d itio n , the other
example problem examined several design s itu a tio n s .
v 111
The ch ie f advantages o f the model are i t s  a b i l i t y  to ; handle 
any stream geometry; consider m u lti p o llu tio n  problems; handle d if fe re n t 
design s itu a tion s  as well as to  locate  several s ta tio n a ry  po in ts . One 
o f the design s itu a tio n s  being the Important problem o f fin d in g  the 
treatment cos t, incurred by downstream users, due to  the actions o f 
upstream users.
The model cons titu tes  an exce llen t design to o l,  since 
p o lic ie s  obtained from "hunches" are e a s ily  tested fo r  f e a s ib i l i t y ,  
and moreover, b e tte r so lu tions are re a d ily  found, i f  they e x is t.
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CHAPTER I
INTRODUCTION
I t  appears tha t In add ition  to the usual water shortage problem, 
the coming decade w i l l  witness a ra p id ly  Increasing water q u a lity  
problem In many In d u s tr ia liz e d  nations. Of course, adequate treatm ent,
a t discharge p o in ts , can reverse the trend back to natura l conditions.
P ro jections (Bramhall and M il ls ,  1965) Ind ica te  tha t withdrawals
o f fresh water w i l l  continue to increase ra p id ly  1n some states during
the coming decades, but tha t even by 2010, withdrawals w i l l  not approach
the streamflow tha t is  ava ilab le  a t a fe a s ib le  cost.
The major impact o f Increased withdrawals w i l l  be th a t the re s u lt ­
ing reduced flows w i l l  im pair the a b i l i t y  o f streams to ass im ila te  the 
ra p id ly  growing q u a n titie s  o f waste th a t w i l l  be produced. In the ab­
sence o f measures to  augment low flows or to  reduce waste discharge, 
stream q u a lity  w i l l  d e te rio ra te  su b s ta n tia lly  during summer months. I t  
fo llow s th a t to  improve stream water q u a lity ,  one e ith e r reduces the waste 
concentration w ith  treatment or augments the streams low flows w ith  the 
construction  and operation o f dams and re se rvo irs , or both.
In a cost comparison o f stream q u a lity  improvement by d if fe re n t com­
binations o f low flow  augmentations and conventional waste treatm ent, 
Bramhall and M ills  (1966) found th a t low flow  augmentation is  a less eco­
nomical method o f improving stream q u a lity  than about 90% waste removal 
by secondary treatment or the equivalent in d u s tr ia l process changes at 
the po in t o f waste generation. I t  should be pointed out th a t the study
2o f Bramhall and M ills  was lim ite d  by the u n a v a ila b ility  o f appropriate 
cost data on process changes and by the d i f f ic u l t y  o f charging costs o f 
dam construction  and operation to  water q u a lity  purposes. The la t te r  
d i f f ic u l t y  arises because most dams produce o ther bene fits  $uch as flood  
c o n tro l,  I r r ig a t io n  and re c re a tio n , the re fo re  1t 1s in co rre c t to  charge 
a l l  the costs to water q u a lity  bene fits .
I t  is  apparent th a t In the planning, design and operation o f such 
a complex water q u a lity  system the examination o f a range o f p ro je c t sizes 
and p o lic ie s  to  se lec t the "most economical a lte rn a tiv e " becomes necessary. 
Mathematical op tim iza tion  models have been very successful 1n the de te r­
m ination o f optimal p o lic ie s  In  o ther la rge-sca le  systems, so 1t 1s the 
purpose o f th is  In ve s tig a tion  to  develop an op tim iza tion  model fo r  stream 
q u a lity  management fo r  a r iv e r  w ith  t r ib u ta r ie s  and d is tr ib u ta r ie s .
1 -2 M u ltid im ens iona lIty
Water q u a lity  1s a m ultidim ensional concept, depending on the con­
cen tra tion  o f organic m a te ria ls , b a c te ria , mineral s a lts ,  sediments, rad io ­
ac tive  m a te ria ls , heat, and the l ik e .  The most conmon c la s s if ic a t io n  types 
a p o llu ta n t as degradable o r nondegradable. Degradable p o llu ta n ts  such as 
some organic waste, b a c te ria , and thermal discharges use the a ss im ila tive  
capacities o f water to  e lim ina te  th e ir  undesirable e ffe c ts  over time. 
Nondegradable po llu tan ts  such as inorgan ic chemicals, syn the tic  organlcs, 
and Inorganic suspended sol Ids remain 1n the water In d e f in ite ly  so th a t 
th e ir  e ffe c ts  can be reduced only through removal.
Almost a l l  types o f p o llu ta n ts  can be trea ted  a t th e ir  source, pro- 
vlded treatment costs are reasonable. For example organic m atter can be 
trea ted  chem ically and mechanically to  speed up the oxygenation process; 
thermal discharge can be reduced w ith  cooling towers; and nondegradable
p o llu ta n ts  can be trea ted through chemical and physical processes.
Flow augmentation by reservo irs  can d i lu te  both degradable and non­
degradable p o llu ta n ts , add ad d itiona l oxygen to reduce the e ffe c ts  o f 
decomposition, and a lte r  the hydro log ica l ch a ra c te ris tic s  o f the body 
o f water, improving I ts  a ss im ila tive  capac ities . Mechanical reaeration 
can increase the dissolved oxygen content o f water.
A more complete de scrip tion  o f types o f p o llu ta n ts  and methods o f 
treatment 1s given by Kneese and Bower (1968). Thus, fo r  every type o f 
p o llu ta n t there e x is ts  an associated treatment co s t, which is  a function  
o f the amount o f p o llu ta n t removed. I t  is  the concern o f th is  in v e s t i­
gation to determine the minimum treatment cost o f a m ultistage r iv e r  de­
velopment, w ithout v io la t in g  the lim its  o f maximum p o llu ta n t concentra­
t io n .
1-3 Economic Objectives
A w idely accepted statement fo r  the ob je c tive  o f a water resource 
development is  to maximize the net bene fits  re s u lt in g  from the use o f 
the resources. I f  i t  were possib le to  measure in economic terms a l l  o f 
the costs and bene fits  re s u ltin g  from the development o f a water resource, 
then the maximization o f the net bene fits  could be attacked d ire c t ly .  
However, many o f the bene fits  and costs in  such systems are extremely d i f ­
f i c u l t  to measure in  d o lla rs .
For the present technology, i t  1s almost impossible to  measure the 
economic value 1n d o lla rs  o f a e s the tics , hea lth , and recrea tion  (Kneese, 
A .V ., 1964). The in form ation required to  evaluate the economic e ffe c ts  
o f measurable variab les turns out to  be o f form idable volume, th e re fo re , 
i t  is  apparent th a t knowledge o f the b e n e fit-co s t func tion  o f p o llu t io n  is  
lim ite d  w ith  the present s ta te  o f the a r t .  S t i l l  an "Optimal" p o licy  min­
im izing the treatment costs must be found i f  one is  to obta in the best
4possible u t i l iz a t io n  o f the watercourse w ith  whatever Inform ation 1s 
a va lla b le .
A commonly used s u b s titu te  fo r  an e x p l ic i t  measure o f damage 1s a 
stream standard. Such a standard l im its  the maximum concentration o f a 
given p o llu ta n t to a ce rta in  le v e l. A standard is  ju s t i f ie d  by saying 
th a t le t t in g  the leve l f a l l  above 1t would re s u lt 1n damages which are 
in to le ra b le . Acceptance o f a standard means tha t eva luation o f bene fits  
and costs a t various q u a lity  leve ls has been achieved and that, a t the le  
vel o f the standard, the bene fits  equal the costs; tha t 1s, contamination 
leve ls  below the standard produce negleg lb le  damage, whereas fo r  leve ls 
above standard, the damage 1s In to le ra b le . A function  measuring the 
damage has Indeed been defined w ith  a re la t iv e ly  sharp jump a t the stan­
dard q u a lity  le ve l. For some forms o f damage, such as those associated 
w ith  aesthe tics , th is  kind o f damage function  1s qu ite  reasonable, i . e . ,  
there 1s probably a d is c o n tin u ity  a t the po in t where a stream becomes 
anaerobic. However, o ther damage functions may not be adequately repre­
sented by a standard.
A stream standard is  a simple way to impose an unknown damage func­
tio n  and may be regarded as an approximation o f a damage function  w ith a 
very steep slope in  the region o f the standard.
So, assuming th a t a q u a lity  standard re f le c ts  a l l  the important as­
pects o f  so c ie ty ’ s b e n e fit func tion  fo r  water q u a lity ,  a reasonable ob­
je c t iv e  fo r  the a llo c a tio n  o f the resources ava ilab le  fo r  water treatment 
would be to  minimize the cost o f water treatment w ithout v io la tin g  the 
standard.
In an e f fo r t  to  obta in  a " f a i r "  d is tr ib u t io n  o f treatment cost among 
the water users, an "e ff lu e n t standard" specify ing  the same degree o f
treatment fo r  each p la n t , 1s usua lly  adopted.
An e ff lu e n t standard Is the leve l o f  treatment a l l  users must pro- 
vide before discharging In to  the watercourse. E fflu e n t standards do not 
provide fe a s ib le  minimum treatment costs fo r  whole r iv e r  developments, 
ra th e r the adoption o f a "stream standard" which places re s tr ic t io n s  in  
the q u a lity  o f water in  the watercourse, 1s an easier concept to be adop­
ted. Using stream standards the cost m in im ization problem can be re ­
garded as the a llo c a tio n  o f a resource {amount o f stream standard) a v a il­
able fo r  use, to  several users whose treatment leve ls  determine the amount 
a lloca ted  to  them. Again, o f the many combination o f user treatment le v ­
e ls meeting the stream standards, one seeks th a t combination y ie ld in g  the 
minimum treatment cost.
Thomas and Sobel (1964) presented the f i r s t  form ulation and discus­
sion o f th is  problem, dealing w ith the case o f an estuary. The f i r s t  a t ­
tempt to model a r iv e r  basin was by De1n1nger (1965). Using the basic St- 
reeter-Phelps oxygen d e f ic i t  equation, Ue1n1nger devised a system o f lin e a r 
equations tha t describe the e ffe c ts  o f organic waste discharge on the d is ­
solved oxygen content and d i lu t io n  ra tio s  o f various po ints along a stream. 
By imposing a lin e a r treatment cost a t sources o f discharge and a set o f 
standards he formulated a m in im ization problem in  the standard lin e a r pro­
gramming framework.
The se r ia l nature o f dynamic programming has lim ite d  i t s  ap p lica tion  
in water q u a lity  m in im ization problems. Llebmann and Lynn (1966) were 
forced to  assume tha t a l l  t r ib u ta r ie s  entered a t the top o f a reach. New 
techniques, which extend the analysis to  nonserial systems- M itten and 
Nemhauser (1963), Ar1s, e t al (1964) perm it the Inc lus ion  o f treatment 
p lants in  tr ib u ta ry  and d is tr ib u ta ry  streams. Such an approach has
6not ye t appeared In  the l i te ra tu re  and cons titu tes  pa rt o f th is  study.
Instead o f op tim iz ing  the many d if fe re n t  dimensions o f water 
q u a lity ,  contemporary Inve s tiga to rs  have selected dissolved oxygen 
concentration as the primary In d ica to r o f o ve ra ll stream q u a lity .  In th is  
study the problem Is approached mult1d1mens1onally and vectors w ith  com­
ponents measuring d if fe re n t  parameters o f water q u a lity  are considered. 
Because dynamic progranvnlng has proved to  be somewhat unsuitable to  solve 
problems w ith  more than two s ta te  variab les per stage, the development 
o f a computational a lgorithm  fo r  a m ultis tage water q u a lity  system w i l l  be 
o f great Impact In the adoption o f regional treatment p o lic ie s  1n water 
q u a lity  management problems.
1.4 Statement o f the problem
The geometry o f a r iv e r  net can be assumed to  be o f the form shown 
1n Figure 1-1
OCEAN
Figure 1-1
7Along the branches o f th is  net several water users have located 
th e ir  operations. These water users may tre a t the r iv e r  water before 
use, and/or tre a t i t  a f te r  use o r n e ith e r. Assume now tha t governmental 
agencies have set "stream standards" fo r  m d if fe re n t  water q u a lity  para­
meters, one fo r  each p o llu ta n t, and to  make the problem more re a l, the 
standards are not constant along the stream, i . e . ,  fo r  a given p o llu ta n t 
the standards change in  d if fe re n t  parts o f the r iv e r .
Let j  be an index numbering the users on every tr ib u ta ry  and d i s t r i ­
butary o f the r iv e r  net. Let ntj be the number o f p o llu ta n ts  tha t user j  
discharges In to  the stream, c le a r ly  mj <m, the to ta l number o f p o llu ta n ts  
under consideration. Then, fo r  each user one must decide on the leve l o f 
treatment to be provided fo r  every one o f the m. p o llu ta n ts  th a t he d is -
J
charges.
The main purpose o f th is  in ve s tig a tio n  is  to develop a mathematical 
op tim iza tion  model and a computational a lgorithm , tha t w i l l  determine the 
leve l o f treatment to  be provided to a l l  p o llu ta n ts  discharged by each 
user, such th a t the sum o f a l l  the treatment costs w i l l  be minimum w ith ­
out v io la tin g  any o f the stream standards set on the d if fe re n t  water qual­
i t y  parameters. The successful construction o f such a general purpose 
model w i l l  co n s titu te  a major break through, not only in  water q u a lity  
management, but also in  design.
CHAPTER I I
CONSERVATIVE AND NONCONSERVATIVE POLLUTANTS
Figure I 1-1 I l lu s tra te s  both a l in e a r  and nonlinear response o f 
water q u a lity  to  waste discharged In to  a given water body.
Nonconservative (degradable) p o llu ta n ts  fo llo w  a nonlinear re ­
sponse. such as shown In  Figure I I - l .  since a l l  o r pa rt o f the waste 1s 
assim ila ted by some mechanism.
Linear reeponee
Non linear response
Waste Discharged
Figure I I - l
9For conservative p o llu ta n ts  (nondegradable), the re la tio n s h ip  be t­
ween waste discharge and water q u a lity  Is  lin e a r .  In equation ( I I - l )  
le t  j  * be the d ischarger numeration; j  -  1, 2 , . p 
1 * be the p o llu ta n t numeration; 1 - 1 , 2  . . . ,  m,
Fj * flow  o f rece iv ing  water a t top o f reach j ,
f j  -  f low  o f discharge o f user j ,
S1j "  Concentration o f  waste 1 a t top o f  reach j  In rece iv ing 
water
C jj * Concentration o f waste 1 1n waste discharge o f  user j ,
A ^
» Concentration o f  waste 1 1n stream a f te r  discharge o f 
user j .
I f  the concentration o f waste j  1n the rece iv ing  water 1s con­
s tan t and only the concentration C^j o f the waste discharge changes, then 
the re la tio n s h ip  o f f ig u re  I I - l  1s lin e a r .
Let F j be the constant, then:
S,J * Fi  s«  *  f 1 CU  .  FJ SU  + f J C1J ( I I - l )
FJ '* f i  Fj  (1 *
I f  f j / F j  is  s u f f ic ie n t ly  sm all, th a t 1s, the users discharge flows 
are negleg ib le  when compared to  the stream flow s, equation ( I I - l )  pro­
vides the fo llo w in g  lin e a r  re la t io n  between the waste concentrations In 
a r iv e r  before and a f te r  the discharge o f a conservative p o llu ta n t o f 
given concentration.
'X,
.  FJ SU * f j  C1J 
FJ
2-2 Nonlinear Response
Nonlinear response functions are found In the analysis o f organic
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pollution and the dissipation of thermal energy by evaporation. The 
classical example 1s the waste oxygen relationship.
Most organic matter 1n a stream 1s degradable and decomposes read­
i ly  through bacterial action. In the process of aerobic decomposition the 
dissolved oxygen (DO) 1n the streams water 1s rapidly consumed by the 
action of aerobic bacteria on the organic matter 1n the sewage. Once the 
DO Is exhausted anaerobic bacteria take over the decomposition process 
(putrefaction) and break down the organic matter Into slime and gases 
such as methane» carbon dioxide, aamonla and others. The fin a l step 1n 
the decomposition process Is the absorption of oxygen from the a ir  to form 
sulfates, n itrates and other stable compounds. The concentration of DO 
fluctuates 1n response to mar\y of the phenomena reflected In other meas­
ures of quality . Increase of DO has side benefits revealed In the Im­
provement of other quality  measures. Since DO Is fundamental to the 
survival of higher forms of aquatic l i f e ,  fish require about 4 mg/1 of DO,
1t seems that the minimum permissible DO should be above 4 mg/1, although 
there 1s considerable disagreement as to the proper value.
When organic waste flu id  1s discharged Into a stream, the biochem­
ical decomposition of the waste reduces the DO 1n the water by an oxidation 
process created by oxygen consulting organisms (aerobic bacteria).
The stream, however, has a capacity to absorb oxygen from the a ir ,  
which provides more oxygen for the aerobic bacteria. In the absence of 
oxygen the decomposition of organic waste proceeds anaerobically. Anaero­
bic decomposition results 1n the formation of unpleasant smelling gates 
and unsightly aquatic growths. For these reasons one wishes to keep DO 1n 
the stream and hence Its  use as a water quality  Indicator. DO constitutes 
a measure of the organic waste assimilation capacity of the stream, and 
1t should never be less than 4 mg/1 (a standard). The measure of the load
placed on th is  capacity  is  the biochemical oxygen demand (BOD). The 
strength o f an organic waste 1s measured in  5-day 20°C BOD, which is  de­
fined  as the amount o f oxygen required by bacteria  w hile s ta b il iz in g  de­
composable organic m atter under aerobic cond itions.
2-3 Waste-Oxygen R ela tionship
A simple model o f aerobic decomposition o f organic waste was devel­
oped by S teeter and Phelps (1925), based on the fo llow ing  assumptions:
1. The ra te  o f s a tis fa c tio n  o f BOD is  p roportiona l to  the amount 
present
—  ■ -k iL  ( I 1-2)
d t
2. The ra te  o f reaera tion by d if fu s io n  from the water surface is  
proportiona l to  the oxygen d e f ic i t  (d iffe re n ce  between the actual 
oxygen content o f the water and the sa tu ra tio n  content a t the 
water temperature)
^  * -k 2D + k jL  ( 11—3)
d t
where
D * Oxygen d e f ic i t  mg/1,
L = BOD concentration mg/1, 
t  = time
ki * b io-oxydation constant, 
and k2 = reaera tion c o e ff ic ie n t .
Based on these cond itions the "oxygen sag equation" can be derived
4 L
fo r  the j  reach o f stream (Appendix A).
t i [ - k j t  “ 1*2^1 -k 2t■Vr - J Lj+Dj ei-Ki L .D (t) — | e * -e ‘  + Di  e ^  ( I I - 4 )k2-
where
D(t)= oxygen d e f ic i t  a t time t .
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and
Lj *  BOD concentration at top of reach a fte r the J**1 user 
discharge,
Dj * Oxygen d e fic it concentration at top o f the reach. 
Figure I I -2 shows a graph of the "oxygen sag curve."
Eo.
O
o
DO Saturation level « DOSi
it  I rI J D(lv mox j /  \
Dissolved Oxygen profile
T I M E  (DAYS)
Figure I I -2
The time of minimum DO can be found by d iffe ren tia ting  ( I I - 4 ) ,  
setting the derivative to zero and solving fo r t
ml
i i ^2 r  ( k2_ki ) D-j"i jn-sArL" is: [’ --Eit]—iJ j • ( I 1—5)
substituting Into (11*4)
max
where
t  . » Minimum time,mm
and D  -  Maximun oxygen d e fic it .max
(H-6)
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Note that these results assume that the dissolved oxygen satura­
tion level (DOS), k t and k7 are constant along the reach of stream. 
Furthermore BOD removal by sedimentation, BOD addition by surface runoff 
along the reach, and DO contribution or depletion by plant photosynthesis 
and respiration are Ignored. However 1n a stream where such factors are 
Important, Powell's search technique allows the defin ition  of a r t i ­
f ic ia l  users a t some point of the reach to Include such factors. Also 
the e ffec t of these factors should be small when the users are s u ffi­
c iently  close together. An underlying assumption Is the Instant mixture 
of the liqu id  waste discharge and the stream flow at the point of dis­
charge. This 1s actually a diffusion problem, I . e . ,  a hyperbolic partial 
d iffe ren tia l Equation must be solved fo r each pollutant. Diffusion of one 
pollutant has been solved (Vlchnevetsky, e t a l , 1970), but the Interacting  
case has not been touched and constitutes a completely new area of 
Investigation.
The so lu b ility  of oxygen In water decreases with rising tempera­
tures. Waste energy 1s disposed of by circulating cooling water through 
power plants and other Industries with large energy-dlsposal problems.
This energy 1s s u ffic ie n t, even when diluted with the unused portions of 
the stream, to raise temperatures to levels which produce serious dlssolved- 
oxygen d e fic its , even when no organic pollution 1s Imposed. Thermal pollu­
tion 1s particu larly  serious during summer low flows when the stream's natu­
ral temperature and biological oxygen demand are a t th e ir  highest values. 
Evidence suggests that DO may be depressed below values required for sur­
vival of game fish  when the stream temperature 1s raised to 85° to 90°F.
2-4 Llebman's Modification
In a stream flowing with constant ve locity , time may be replaced
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w ith  distance In equations ( I I - 5 )  and (11-6). These equations describe 
the behavior o f  00 concentration in  a s in g le  reach o f a stream, w ith  an 
i n i t i a l  BOD (L j)  and o^gen d e f ic i t  <Dj) concentrations placed 1n the 
stream a t the top o f the reach. The con s tra in t on DO 1n th is  reach 1s 
th a t the standard placed on I t  should not be v io la te d  a t the po in t o f 
minimum DO I . e . ,  a t t m1n. The same form ulation Is used in  Powell's op­
tim iz a tio n  model to  determine the c r i t ic a l  dissolved oxygen concen­
tra tio n s  1n a l l  successive reaches, since the d e f ic i t  a t the bottom o f 
one reach Is  also the I n i t i a l  d e f ic i t  (D j) a t the top o f the next reach. 
This Is  true  I f  the dissolved oxygen sa tu ra tion  concentration (DOS) Is 
the same 1n a l l  reaches. In  long reaches, such as those stud ied 1n th is  
model, there w i l l  be changes In temperature w ith  re s u ltin g  changes 1n 
sa tu ra tion  concentration. These changes may be natura l or man-made 
(thermal p o llu t io n ) .
DO 
(p
pm
)
15
OOSj
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D 0 (t)
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f
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Figure X I-3
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Llebmann (1966) proposed a linear variation 1n DOS within a reach.
This assumption 1s not necessarily exact, but with small reaches no large
error 1s expected. With this modification a continuous DO p ro file  from
reach to reach Is obtained.
Figure 11-3 shows the oxygen sag curve with a linear variation In
the dissolved oxygen saturation lin e , where
DOSj ■ DO
DOSj-, - DO
DOS(t) - DO
Dj - DO
Di-1 - DO
D(t) * DO
DOj
s DO
DOj-l - DO
DO(t) ■ DO
Also
and
” .1-1 -  ” j
DOS(t) « DO(t) + D (t ) , 
and DOS(t) -  DOSj + mt are Implied.
The slope of the saturation line may be regarded as an added con­
stant rate of oxygen d e fic it  of m ^ /d a y -  Under these assumptions equa­
tions (11-2) and ( I I - 3 )  become
4k ■ - KtL and dD -  m -  -  k2D + kjL ( I I - 7 )
at 4 dt
From which
D<t> -  ^  L j I i k , t  * 1 *  (DJ -  + h  ' ( I1 - 8 ’
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The point of maximum oxygen d e fic it 0 ^ ^  1s obtained from
l I ^2 r  D. ^ IB i  m i
‘max * * 7 * 7  L" I *7  [ '  '  ( I I ‘ 9>
and
Dm  - r  L, ♦ *a  . ( 11- 10)max k j j *2
The point of minimum dissolved oxygen D0m^ n is obtained from 
D™ * *  -  k> l j  ; k l t n x - ( n - i i )
2 *■ _k ltmax
Dm x  “ ki (k2*k l)  Lj  e 9 ( I I ' 12)
- D "  -  1/(DJ"' ) 2 + 2m 0 " 'max r r * “' —
At -  —  r-— —  —  , ( I I-1 3 )
O ' "max
‘ mm -  W  + At • <n ’ 14>
005 < W  * ° ° Sj  + m W
and D0mln -  DOS ( t m1n) - D ( t ^ )  (11-16)
2-5 Heat-A Second Pollutant
There 1s no doubt that the world Is faced with massive environ­
mental problems, ranging from disorderly urban growth and misuse of open 
space to the contamination of the very resources upon which l i f e  depends. 
Present day technology 1s capable of polluting the environment from the 
surface of the moon to the depths of the oceans.
In happier days, the effects of warm water on wild l i f e  were not 
considered Important because the volume of warm water was re la tive ly  
small and the effects were not apparent. Today, the volumes of water 
used have Increased tremendously, the same streams available twenty years 
ago must now serve twice as many people, and the waste discharge points
have moved c lo se r together. No longer can the s ite  fo r  an In d u s tr ia l 
p la n t be chosen simply because I t  1s cheaper to  b u ild  there. Governments 
now demand from a l l  Industry  consideration o f the environmental and aes­
th e t ic  consequences o f th e ir  ac tions.
Of the many fresh water p o llu ta n ts , thermal p o llu tio n  stands 
second only to  organic waste In destruc tive  p o te n tia l. Although the con­
t r ib u t io n  o f heat from na tura l causes Is im portan t, the primary sources 
o f thermal p o llu t io n  are man made. Many wet-process in du s tries  con tribu te  
waste heat to  our environment, Parker and Krenkel (1968) estimate th a t 
over seventy per cent o f  the process water withdrawn fo r  in d u s tr ia l uses 
1s fo r  coo ling purposes. They fu r th e r  s ta te  th a t the con tribu tions  o f 
industry  to  thermal p o llu t io n  1s in  order o f twenty to  t h i r t y  per cent o f 
the to ta l heat re jected  to  U.S. rece iv ing waters. The remaining thermal 
p o llu t io n  Is generated by steam e le c tr ic a l generating power s ta tio n s .
2-6 The Damocles Sword
E le c tr ic a l power generation In the U.S. has doubled every ten 
years since 1945 (Parker and Krenkel, 1968) and a l l  Ind ica tions  are th a t 
the rate o f Increase w i l l  be even grea te r during the next few decades. 
Moreover, problems o f  concentrated heat discharges are worsened by the 
Increasing size o f In d iv id u a l power plants and the gradual change towards 
nuclear power
I t  has been estimated th a t the 95 per c e n t,o f the c e n tra lly  gen­
erated e le c t r ic i t y , th a t  1s produced by fo s s il fu e l today w i l l  be 65 per 
cent nuclear by the year 1980 (Bnegman, 1968). An In d ica tio n  o f th is  
trend Is the fa c t th a t more than 50 per cent o f the generating capacity 
ordered 1n the U .S ., In the la s t three years has been nuclear, p r im a rily  
l ig h t  water reactors (Parker and Krenkel, 1968).
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The relevance o f these fig u re s  l ie s  1n the fa c t tha t large 
nuclear power p lants cu rre n tly  requ ire  roughly 50 per cent more cooling 
water fo r  a given temperature r is e ,  than do fo s s il fue l p lan ts  o f equal 
s ize . I t  1s expected th a t Improved technology w i l l  reduce th is  added 
requirement to  25 per cent by 1980 and eventua lly  match the heat d ls s l-  
pation o f fo s s il fue led p lan ts (Mater Resources Council, 1968). In the 
meantime we are faced w ith  th is  added thermal p o llu t io n  and something 
must be done about I t ,  I . e . ,  nuclear power p la n ts , although helping to  
a lle v ia te  a i r  p o llu t io n , are adding thermal p o llu t io n  to  the rece iv ing  
water since they dispose o f more heat through th e ir  cooling water.
How serious Is  the thermal p o llu t io n  problem? The amount o f  
water withdrawn fo r  coo ling purposes was approximately 42 t r i l l i o n  g a l- 
Ions per year 1n 1968, which 1s roughly 10 per cent o f the to ta l flow  o f 
water 1n U. S. r iv e rs  and streams (440 t r i l l i o n  ga llons per year) and 1s 
predicted to  be 20 per cent by 1980 (Parker and Krenkel, 1968).
Since the to ta l flow  o f water 1s fixed  one concludes th a t the 
a llo c a tio n  o f heat discharges to  r iv e rs  and streams becomes a sub ject o f 
research. This a llo c a tio n  problem also generates research on the e ffe c ts  
o f heat discharges on the environment.
2.7 E ffects  o f  Heat Discharges
When considering thermal e ffe c ts  on the environment, a tte n tio n  
seems to  focus only on f is h  l i f e ;  study o f  the food chain organism 1s 
o ften  neglected. Thermal In fluence on a l l  the organisms, p lan t o r a n i­
mal, composing the food chain must be considered 1n the se lection  o f  any 
kind o f temperature standard.
As comnented e a r l ie r ,  standards are necessary since the e ffe c ts  
o f p o llu t io n  are measured by comparison before and a f te r  p o llu t io n  has
occurred. To th is  end thermal e ffe c ts  on each l i f e  cycle o f the organ­
isms Involved must be stud ied.
Ind iv idua l species vary w idely 1n th e ir  thermal to le rances; 
these also vary In d if fe re n t  stages 1n l i f e ;  they vary according to  the l 
previous acclim ation to  higher o r lower temperatures; they vary th e ir  
resistance to  abrupt changes 1n temperature; and even though they may 
survive a l l  o f these changed cond itions , fo r  a given temperature change, 
the v a r ia tio n  may be s u f f ic ie n t  to  slow th e ir  sexual responses and feed­
ing habits o r to  tr ig g e r  reproduction too e a rly  1n the season causing 
the o ffs p r in g  to  d ie  In the h o s tile  environment. There are many ways 
In which temperature rise s  o r f a l ls  may eventua lly  wipe out a species, 
Includ ing the decimation o f necessary members o f the food cha in , even 
though adu lts  o f the species may not be k i l le d  Immediately.
Besides re q u irin g  d if fe re n t  temperatures during the various 
stages o f th e ir  l iv e s ,  many species o f f is h  or o ther aquatic animals 
vary g re a tly  1n Ind iv idua l tolerances o r s e n s it iv i ty .  Even fo r  the same 
species o f  f is h ,  tolerances vary according to  th e ir  previous acclim ation
o r w ith  geographical lo ca tio n  o f the stream. There Is obviously no magi
standard capable o f p ro tec ting  a l l  aquatic l i f e .
P rotection o f an unaltered environment may be the ob jec tive  in  
some fa r  located streams; In  other more In d u s tr ia liz e d  streams the objec 
t lv e  may be the p ro tec tion  o f only those species which are desired 
and u t i l iz e d  by man and th e ir  supporting food chain organisms. In the 
la t t e r  approach some species w i l l  be over protected and some under 
protected. F in a lly ,  1n some streams and lakes the standards may be 
set so low as to  leave the f is h  l i f e  v i r t u a l ly  unprotected; th is  may 
be the case In heav ily  In d u s tr ia liz e d  streams, where the cost o f 
meeting a q u a lity  standard may fa r  outreach the cost to
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soc ie ty  o f the lo s t aquatic l i f e  1n the stream.
From th is  b r ie f  discussion* I t  becomes apparent th a t some s o rt o f 
stream z o n lf lc a tio n  may become necessary fo r  so c ie ty 's  optimal management 
o f the lim ite d  na tiona l water resources. Moreover, th is  z o n lf l cation must 
be oased on geoqraphlcal, c11mato1og1ca1 and In d u s tr ia l conditions 
so as to  obta in appropriate standards fo r  the type o f stream under consid­
e ra tio n , w ith  the f in a l standards being selected according to  the aquatic 
l i f e  cond itions o f the p a r t ic u la r  body o f water.
2.8 In te ra c tio n  o f Heat and Organic Waste Discharges
Further complications a rise  when one considers th a t heat d is ­
charges a ffe c t the capacity o f  the water to  dissolve oxygen. The amount 
o f oxygen ava ilab le  under f u l l y  saturated conditions 1s less a t elevated 
temperatures than a t lower temperatures. As a re s u lt ,  fo r  equal amounts 
o f  organic m atte r, the oxygen is  depleted more q u ick ly  In a wanner stream.
One can say th a t the add ition  o f heat to  a stream 1s equiva lent to  
the add ition  o f an organic load, since 1t reduces the waste ass im ila tion  
capacity o f a stream by reducing the amount o f oxygen 1n so lu tio n  and 
thereby th a t ava ilab le  fo r  oxydatlon o f the organic m a te ria l.
Thermal p o llu t io n  also a ffe c ts  the streams se lf-p u r1 f1 ca tio n  pro­
cess increasing (de-oxygenat1on ra te ) and k2 (reaera tion  ra te ).
The value o f k j roughly doubles fo r  each 15° C o f temperature In ­
crease.
S tree te r and Phelps (1925) found th a t the e f fe c t  o f  temperature 
could be adequately expressed by an equation o f the form
k , ( t )  -  k j (20) e1* 20 . (11-17)
where:
kt ( t )  -  value o f k j a t any temperature t°  C,
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k i (20) ■ vqlue o f k\ a t a temperature o f 20° C,
and 0 * temperature c o e ff ic ie n t.
The values o f 6 and k j(2 0 ) were experim enta lly found to  be 1.047 
and 0.1 resp ec tive ly . (S tree te r and Phelps. 1925).
The values o f  k i do not vary g re a tly  from stream to  stream, values 
fo r  d if fe re n t  conditions o f tu rb id ity  are almost the same fo r  a given 
fixe d  temperature. For th is  reason one 1s able to  obtain the general ex­
pression (11-17), re la t in g  ka to  t ,  v a lid  fo r  a l l  streams.
While k2 also Increases w ith  temperature, I ts  e f fe c t is  lim ite d  by 
the corrfclnatton o f a g reater rate o f change o f k x and a de c lin ing  d is ­
solved oxygen sa tu ra tio n  c o e ff ic ie n t.  The ra te  o f re -aera tion  o f a stream 
Is m odified to  a large extent by i t s  degree o f turbulence, other th ings 
being equal. This means th a t values o f k2 as a c tu a lly  determined 1n a 
r iv e r  s tre tch  bear a close re la t io n  to  the several measurable fac tors  o f 
physical cond ition  which cause varying degrees o f turbulence. In view o f 
these fac ts  no general re la t io n  o f  k2 vs. t  can be obtained, since the 
p a rtic le s  in  suspension, governing the values o f k2 , are a ffected  d i f f e r ­
e n tly  by changes In temperature. Therefore fo r  every^^rtrfeam under study
\
re la tio n s  o f k2 vs. t  must be determined fo r  a l l  stretbhes o f stream to 
be considered.
However, having determined the value o f k2 at 20° C fo r  a p a r t ic ­
u la r  s tre tc h  o f stream, values o f k2 a t t °  C can be determined from the 
re la t io n  (L lns ley  and F ranz ln l, 1964)
t-20
k2 ( t )  « 1.016 k2 (20) . (11-18)
Typical values o f k2 (20) are presented 1n Table 2-1
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Small ponds . . . 
Sluggish streams . 
Large streams . . 
S w ift streams . . 
Rapids ................
0.05-0.10 
0.10-0.15 
0.15-0.30 
0.30-0.50 
over 0.50
Values o f k2 (20)
TABLE 2-1
The f i r s t  stage BOD (L j)  a lso varies s l ig h t ly  w ith  temperature as 
fo llow s (L ln s ley  and F ra n z ln i, 1964).
The ra te  o f change o f  D 0 depends on a i r  hum id ity , to ta l baro­
m etric  pressure, concentration o f ch lo ride  and temperature. I t  1s c lea r 
then, th a t d if fe re n t  stretches o f stream have d if fe re n t rates o f change o f 
DO vs. t ,  since the a i r  hum idity and barometric pressure change as the 
stream approaches the u ltim a te  discharge po in t. P a rtic u la r  re la tio n s  must 
be developed fo r  each s tre tch  o f stream.
2-9 Tenperatu re-Length Relationships
When a heated e ff lu e n t discharges In to  a stream, the temperature 
o f the la t te r  1s ra ised and as the water moves downstream, the tenperature 
changes exponen tia lly .
Def1 n111 on: The e q u ilib riu m  temperature 1s the water temperature
a t which there Is no heat exchange across the water surface and Is  a func­
tio n  o f sho rt wave and long wave ra d ia tio n , a i r  temperature and a i r  vapor 
pressure.
The e q u i l ib r ia  temperature Is constantly  changing. The actual
L . ( t )  -  L .(20) [0 .02  t  + 0 .6 ]
water temperature 1s being driven towards the e q u ilib riu m  temperature at
a ra te  proportiona l to  the d iffe rence  between them.
The heat disposal problem can be d iv ided In to  two p a rts . F ir s t ,  
the I n i t i a l  m ixing o r d i lu t io n  o f the discharge; second, the atmospheric 
coo ling .
Mixing takes place In the Immediate v ic in i t y  o f the discharge and
a ffe c ts  a re la t iv e ly  small p a rt o f the stream. Atmospheric cooling occurs
a fte r  m ixing and Is  a long-term  process.
The m ingling o f warm and cold water downstream from the discharge 
po in t 1s not an Instantaneous process; I t  may well take several m iles be­
fo re  a p ra c t ic a lly  homogenous mix 1s obtained. There 1s no general d i f ­
fus ion  model th a t can be applied to  a l l  discharge s ite s ,  each problem 
brings c h a ra c te r is tic  physical conditions th a t make the study o f mixing 
zones a sub ject o f research 1n I t s e l f .
The designer o f  a mixing zone must consider th a t f is h  m igrating 
upstream must be able to  detect and avoid adverse mixing zones; 1 f the 
zone 1s poorly designed, temperatures extend e n t ire ly  across the stream, 
and the m igration can be completely blocked and the population may be 
e lim inated e n t ire ly .
In the s tre tch  o f stream where a p lan t 1s located, the water tem­
perature v a ria tio n  1s Targest near the discharge and decreases to  
approach the amplitude o f the n a tu ra lly  occurring water temperatures fa r  
away from the po in t o f discharge. Although more research Is needed on the 
to p ic , the fo llo w in g  equation given by Goubet (1968) describes the down­
stream decrease 1n temperature
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where:
At ■ Excess o f the water temperature over the e q u ilib riu m
a t po in t X downstream (°C)»
A t j -  Excess o f the water temperature over the e q u ilib riu m
a t top o f reach {°C ),
X -  distance between points t  and t j ( m ) t
W * average w idth o f stream (m),
Q * ra te  o f flow  ("^ /s e q ),
-5and K * experimental co e ff * 1.33 x 10 ,
The e q u ilib riu m  temperature varies s in u so id a lly  during the day* 
a ty p ic a l s ite  had a high o f 108°F, a low o f 75°F and mean value o f 91.5°F, 
so th a t fo r  a given water temperature the stream was ra d ia tin g  heat when 
A t j >0 and absorbing heat when A t j <0, (Goubet, 1968).
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CHAPTER I I I  
MATHEMATICAL MODEL
3 -1 The River System
The ob jec tive  o f th is  in ve s tig a tio n  can be restated as the study 
o f the multidimensional op tim iza tion  problem invo lv ing  the a llo c a tio n  
o f the amount o f stream standard (a resource) to several users, so as 
to minimize the sum o f the treatment costs o f the users.
There are b a s ica lly  three op tim iza tion  techniques which can be 
u t i l iz e d  1n the analysis o f such systems. Linear programming, usable 
through lin e a r iz a tio n  o f the ob je c tive  function  and a l l  nonlinear con­
s tra in ts ;  d ire c t search techniques which attempt to  locate  the optimum 
by simultaneous pe rtu rba tion  o f a l l  va ria b le s , and dynamic programming 
w ith  the a b i l i t y  to  handle nonlinear functions w h ile  decomposing the 
complicated nonlinear problem in to  a set o f sim pler se r ia l problems 
which are solved re cu rs ive ly .
The approach taken 1n th is  study 1s th a t o f d ire c t search aided, 
in the p a r t ia l op tim iza tions , by a one-d1mens1onal op tim iza tion  tech­
nique; and c o n tro llin g  the co n s tra in ts , by adequate penalty func tion s .
A functiona l diagram o f the r iv e r  system 1s shown in  Figure I I I - l .
This diagram shows a stream where p reaches are each defined as the
s tre tch  o f stream between two succeslve users, a user and a converging
o r d iverg ing po in t o f the stream, o r a t r ib u ta ry  and a user. A dd itiona l
reaches are defined a t the top o f each upstream in i t i a l  reach. In f ig -
p+2
P+ 3
P + f
Figure I I I - l
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ure r r 1-1, reaches p + 1 ,p  + 2, p + 3 ,  and p + 4 are used to  make r e f ­
erence to  the upstream Input data.
Reaches are id e n tif ie d  by a numeration s ta rt in g  in  the r ig h t  most 
t r ib u ta ry  and continu ing sequen tia lly  to  the f i r s t  converging po in t.
The numeration is  then continued a t the top o f the nearest le f t  con­
verging branch down to  the same converging po in t. This process is  con­
tinued u n t i l  a l l  converging branches are numbered. A t th is  po in t the nu­
meration continues sequen tia lly  down to  the sea choosing a r b i t r a r i ly  
d iverg ing branches u n t i l  a l l  reaches are numbered. The p rin c ip a l ru le  
o f enumeration is  th a t a reach 1, fed by reaches j  and k, must have an 
index i g reater than both j  and k. The only exceptions are when j  o r k 
is  an in i t i a l  upstream reach.
The most upstream po in t o f a reach is  ca lled  a node. I t  is  c lea r 
th a t there are fewer nodes than reaches, since d iverg ing reaches share 
the same upstream node, and converging reaches end a t a common downstream 
node. Although there 1s no real need to  number the nodes o f a r iv e r  
system, they w i l l  be re fe rred  to  by the number assigned to the reach dowji 
stream o f the node. I t  1s c le a r then th a t nodes where a divergence o f 
flows occurs w i l l  be re fe rred  to by two ind ices , depending on which reach 
one is  ta lk in g  about.
The s ta te  variab les are m - dimensional vectors (in fo rm ation  trans­
m itt in g  v a r ia b le ) , and the decision variab les are m - dimensional vectors
^  Lk
(c o n tro ls ) . For the j  reach 
- j  * (s l j *  s2 j  sm j)T *
j  * 1, 2, . . . ,p ,
where
s ^ j : is  the water q u a lity  concentration , o f water q u a lity  parameter 
X. a t reach j .  This amount must always s a t is fy  the con s tra in t >" J
Standard i j  = s t^ j .
d . . :  is  the amount o f treatment provided to  the i ^  p o llu ta n t a t* J
reach j , and
0 ^  d.|j <_ 100% removal.
Note th a t not a l l  users discharge a l l  m p o llu ta n ts . User j  fo r  
example discharges m. p o llu ta n ts  in to  the head o f reach j  and the re fo re ,«i
incurs a t most in  nij d if fe re n t  treatment costs. This means th a t the le v ­
el o f  treatment provided to  the p o llu ta n ts  not being discharged in to  
reach j  is  n a tu ra lly  zero I . e . ,  some o f the d ^  = 0 at reach j .
The physical system can be described by a set o f nonlinear d i f f e r ­
ence equations
F j  = * j  (£) • » J “  1. 2, p, ( I I I - l )
i j  = U  (s* 4 ).
where
s : m-d1mensional s ta te  vecto r, 
d : m-dimensional decis ion vec to r, 
j  : reach counter 
f  : m-d1mens1onal vecto r fu n c tio n ,
* : function
Fj : is  the flow  o f stream water past reach j .
The re tu rn  functions r^ represent the cost incurred a t reach j  fo r  
the treatment provided to  the po llu ta n ts  P^j being discharged in to  the
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stream. Again a general expression fo r  r .  is  given byJ
r j  = ‘ l' ' / i j   ^ = l f  2 ’ ’ *** P U 11*2)
This is  so because fo r  some p o llu ta n ts  the treatment cost may be a f ­
fected by the leve l o f treatment provided to  another p o llu ta n t a t the 
same stage. For example, thermal p o llu t io n  a ffe c ts  the sa tu ra tion  leve l 
o f dissolved oxygen and th e re fo re , the amount o f ava ilab le  oxygen stan­
dard. This means th a t a decision on cost o f cooling towers also a ffe c ts  
the removal cost o f b io lo g ica l oxygen demand. I t  is  important to re ca ll 
th a t the main ob je c tive  o f th is  in ve s tig a tio n  is  to  determine the leve l o f 
treatment one must provide to each p o llu ta n t discharged in to  reach j  
( j  s 1, 2, . . . ,  p) so as to minimize the to ta l treatment cost R defined 
by
P
R = z r .  ( s . ,  d . ) .  
j  = l J ■*
Once more, the cons tra in ts  on the s ta te  variab les are the req u ire ­
ment tha t the concentration o f p o llu ta n t 1 stays below the previously 
set standard s t^ . in  reach j ,  where j  = 1, 2, . . .»  p. The cons tra in ts  on 
the decision variab les are th a t the amount o f treatment provided by user 
j  to p o llu ta n t i is  between zero and 100% removal fo r  i = 1, 2, . . . ,m and 
j  - 1, 2, • - - 1p•
Although not shown in the func tiona l diagram, the decision as to the 
leve l o f treatment d ^ ,  depends on the amount o f p o llu ta n t P.^ to  be 
disposed o f a t reach j .  Evidently Pj 1s a vector whose components In d i­
cate the amount o f p o llu ta n t to  be disposed o f a t reach j
Pj * ( f^ j»  P ^j) i 1 * 1* 2, . . .  ,m , j  - 1, 2, . . . , p  ,
where f ^ j  1s the discharge flow  o f p o llu ta n t 1 a t reach j .
Again some P^j ** 0 a t reach j ,  j  = 1, 2, . . . ,  p.
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1-? Ideal Continuous Case
The flow  o f water in  a stream 1s a c tu a lly  a continuous va ria b le , 
and so a re , fo r  tha t m atte r, a l l  other variab les involved in  th is  water 
q u a lity  problem. So in  what fo llow s assume:
Continuous s ta te  variab les
or s. e S ., i = 1, 2 , . . .  ,m,
J v
continuous decision variab les
0 ^  d . . £  100%,* J
o r d j e D j.
j  -  1» 2 , . . . ,p , 
1 ~ 1, 2 , . . . ,m,
continuous re tu rn  functions
r . . j — l , 2 , . . . , p ,< j »
l 1, 2 , . . . ,m,
and continuous waste discharges
Pi j  j  * 1, 2  p,
1 * 1, 2 , . . .  ,m.
I n i t i a l l y  assume th a t the continuous variab les Fj and f ^  can be 
predicted w ith  no e rro r whatsoever fo r  the whole planning horizon. This 
o f course, is  not the real l i f e  s itu a t io n  but i t  is  worthwhile to in v e s t i­
gate what course o f action  one should take i f  i t  were true .
Also assume th a t the amounts o f p o llu ta n t to  be discharged by 
flow  f ^ j  a t reach j  are also predicted w ith  c e r ta in ty  fo r  a l l  reaches 
j  = 1, 2 , . . . , p  and a l l  p o llu ta n ts  1 * 1 ,  2 , . . . ,m .
The assumption of the c e rta in  knowledge o f the flow s, Implies th a t 
there e x is ts  a model from which the downstream flows to any given reach 
ii are determined w ith  c e r ta in ty . That 1s; a set o f system d iffe ren ce
equations { I I I -4) is  ava ila b le  fo r  the flows
F ■ = [ F j , fo r  j  = 1, 2 , . . . ,p. ( 111-4)
J v
The determ ination o f equations ( I I 1-4) is  no easy task, in  fa c t ,  
e n tire  research p ro jec ts  are dedicated to  th is  type o f problem.
For the other s ta te s , a set o f d iffe ren ce  equations can also be de­
rived since F j , f j  and Pj are known.
Sj _ Vj tsj j = 1» 2 . . . . .  p.
( 111-5)
Since ( I I I -4) and { 111-5) are a v a ila b le , the in form ation needed fo r  
desinn is :
(1) The continuous records o f the flows o f the most upstream 
reaches.
( i i )  The continuous record o f the discharge flows f j  in to  reach j ,  
j  ~ 1, 2 , . . .  ,p.
(111) The continuous record o f the amount o f  p o l lu ta n ts ^  to  be d is ­
posed In to  each reach j ,  j  = 1, 2  p.
A ll o ther in form ation needed is  derived from (1 ), (11 ), { i i i ) ,  and 
the knowledge o f the behavior o f every one o f the m p o llu ta n ts  in  the 
stream.
Under the cond itions described above, one would locate  a c r i t ic a l  
period fo r  the planning horizon o f the system, and then determine leve ls  
o f treatment d ^  fo r  each p o llu ta n t o f a l l  users so as to  minimize the 
treatment costs.
Determination o f the c r i t ic a l  period under these cond itions 1s equiv­
a le n t to  choosing a p a ir  o f c r i t ic a l  stream and sewage flow  cond itions 
and basing the design o f the treatment p lants on the amount o f p o llu ta n t 
th a t must be removed from th a t "design" sewage flow  to  meet the stream
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standard fo r  th a t “ design" stream flow  (Camp, 1963). The design 
stream flow  has been the minimum 7-day consecutive average stream flow  
expected to  occur once In 10 years (Kneese, 1964). Since the flows are
exactly  known, the design flow  can be selected to  be the minimum 7-day
consecutive average stream flow  occurring in  the planning horizon. The 
design sewage fo r  any user j  can be selected to  be the maximum discharge 
flow  occurring during the stream's design flow  occurrence. The design 
p o llu ta n t concentration can be selected to be the highest concentration 
o f each p o llu ta n t during the design period.
This means th a t when the stream flow  is  less than the design flo w , 
or when the sewage flow  1s greate r than i t s  design flo w , there may
be a stream standard v io la t io n .
I t  is  c le a r th a t,  because o f seasonal c h a ra c te r is tic s , several 
users may not be discharging a p a r t ic u la r  p o llu ta n t during the design 
period. Design periods fo r  these p o llu ta n ts  can be obtained by 
examining in  succession the next to  worst 7-day consecutive average 
stream flow  u n t i l  a l l  p o llu ta n ts  are included in  the model.
Using these design flows one proceeds every time to determine the 
treatment leve ls  required fo r  each p o llu ta n t a t each p lan t as to  minimize 
the treatment cost.
Note th a t ea rly  “ design periods" determine the treatment level o f 
ce rta in  p o llu ta n ts , and la te  "design periods" determine treatment leve ls 
o f other p o llu ta n ts  w ith  the ea rly  found treatment leve ls  f ix e d . Also 
note th a t since a l l  fu tu re  flows and discharges are known, the frequency 
o f stream standard v io la t io n  fo r  each p o llu ta n t is  obtained by simply 
sim ula ting the stream w ith  the treatment p lants operating a t the f in a l 
adopted optimal p o lic y .
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3-3 Actual P iscre te  Case
A fa c t o f l i f e  is  th a t measurements o f r iv e r  flow s, user discharges 
and p o llu ta n t concentration are not performed continuously, but in  d is ­
cre te  in te rv a ls . Usually these measurements are done once a day and a 
record is  kept fo r  la te r  ana lys is. This means th a t only a d isc re te  
sample is ava ilab le  from the continuous va ria b le s , the re fo re , s ta rt in g  
a t the c o lle c tio n  o f data, d is c re t iz a tio n  e rro rs  are introduced in to  a l l  
water resource models.
Decision makers re a lly  deal w ith  d isc re tize d  continuous problems 
and th is  has to  be kept in  mind throughout the ana lys is.
The na tura l environment determines the amount o f stream flo w , water 
temperature, e ff ic ie n c y  o f treatment p lan ts , e tc . ,  but present-day 
technology is  not s u f f ic ie n t ly  advanced to  p red ic t exactly  the magnitude 
o f these va riab les .
To overcome th is  problem, two approaches are possib le :
( i )  A d e te rm in is tic  approach which consists o f assuming th a t the 
a va ilab le  records o f stream flows and user discharges w i l l  be 
repeated in  the fu tu re . Again, design periods are selected 
as ind icated in Section 3-2, but th is  time working w ith d is ­
cre te  and past data. Sewage flows fo r  fu tu re  plants have to  
be estimated from experience in  s im ila r  s itu a tio n s .
( i i )  A s tochastic  approach which considers the variab les involved 
as random va ria b le s , and from the study o f a sample (past re ­
cords) one determines an approximation to  th e ir  p ro b a b ility
d is tr ib u t io n s .  The treatment leve ls  are then determined, 
taking in to  account the p ro b a b ility  o f occurrence of the de­
sign flow s. This approach 1s not considered in  th is  In v e s ti-
gat ion, thus somewhat l im it in g  the problem.
3-4 Computer Representation o f a_ River Net
When examining the c h a ra c te ris tic s  o f a p a r t ic u la r  reach o f a 
stream, one has to know how many tr ib u ta r ie s  converge in to  the top o f 
the reach. This is  done by constructing  a m a trix , named LINK, co n s is t­
ing o f p rows, one fo r  each reach, and two columns. The m atrix  LINK 1s 
used to s to re  the Indices o f a l l  converging reaches to  a p a r t ic u la r  reach, 
given by the row rumber. For a ty p ic a l reach 1,the Index j  denoting the 
f i r s t  reach converging In to  i is  stored 1n element LINK^ ^
j  -  L IN K ,,
S im ila r ly  the index k o f a second converging reach Is stored 1n 
element LINK^ ^
k= LINKi 2
Although u n lik e ly  to  occur, more tr ib u ta r ie s  to  a reach can be 
handled by adding as many columns to  the m atrix  LINK as necessary.
Many reaches, however, have only one upstream reach converging to 
i t .  This s itu a tio n  1s accounted fo r  by s to rin g  the index k = 0 1n the 
element LINK^ The index k * 0 ind ica tes th a t there 1s no reach Index 
stored 1n tha t element.
A second possib le major c h a ra c te r is tic  o f a reach is  th a t o f being 
a d ivergent reach o f the stream. In th is  case, one has to  account fo r  
the percentage o f the upstream flo w , flow ing In to  the given reach. This 
problem 1s solved by s to rin g  these percentages in  a vector FACI o f p 
components, one fo r  each reach. For the 1 ^  reach the element FACI^ Is 
the percentage o f the flow  upstream flow ing In to  reach 1, the re s t o f the 
upstream flow  flow ing in to  another reach. Whenever a given reach is  not
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a divergent reach, then the corresponding element in  the vector FACI Is 
■,et equal to one, or to  whatever fra c t io n  w i l l  take in to  account the 
Iosses or gains by unaccounted fa c to rs .
A th ird  major c h a ra c te r is tic  o f a reach is  the p o llu ta n t dischargers 
a t the top o f the reach. This is  a lso solved by constructing a m a trix , 
LOCON, o f p rows and m columns, m being the to ta l number o f p o llu ta n ts .
The m atrix  LOCON is  used to  store the indices o f the decisions o f reach 
i ,  in  the decision vector D. For a typ ica l reach 1, the subscrip t o f
the f i r s t  treatment leve l is  found in  element LOCON^  1 . That is ,  the
element j  = LOCON^   ^ o f the decision vector £  contains the treatment
leve l o f the f i r s t  p o llu ta n t o f reach i .  The indices fo r  a second,
th ir d ,  e tc . p o llu ta n ts  are found respec tive ly  in  the second, th ir d ,  e tc . 
columns o f the m atrix  LOCON. Whenever element LOCON. . equals zero, 
then p o llu ta n t j  is  not being discharged in to  reach i .
3-5 D irect Search Method
The to ta l treatment cost R given by ( I I 1-3) is  a c tu a lly  obtained 
from a series o f cost ta b le s , and the re fo re , no a n a ly tic  expression 1s 
a va ila b le . The lack o f an a n a ly tic  expression, fo r  the to ta l cost func­
t io n ,  excludes the use o f de riva tive s  In the quest fo r  the minimum p o licy .
A technique using no de riva tive s  must, the re fo re , be adopted.
There are two outstanding nonderivative d ire c t search methods, Pattern 
search and Powell's method. Of the two, Pattern seems to  be the weakest, 
since i t  tends to  fo llo w  ridges and, the re fo re , to  get stranded a t saddle 
po in ts . Powell's technique on the o ther hand, does no t, because 1t re ­
freshes the d ire c tio n s  o f search every M>N cyc les, N being the dimension 
o f the decis ion vecto r.
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Powell's technique, as adopted In th is  In ve s tig a tio n , Is b a s ica lly  
the fo llo w in g :
Given an in i t i a l  po in t and a cost func tion  f(X j over an n-d1men- 
sional vector space.
( i )  Choose an I n i t ia l  set o f l in e a r ly  independent base vectors ,
VH  - (1 + IX ^ IJ /2  , 1 = 1 , 2 .............. n ,
Vt j  * 0 . w  J , j  = 1, 2, . . . ,  n ,
where V^j Is  the component o f VI.
For ite ra t io n  k
L
( i 1) For i = 1, 2 , . . . , n  ca lcu la te  the sca lar to  minimize
+ V^) w ith  respect to  a^ and obta in
vk _ vk . k „k*1 - *(-1 + “1 I,
b If
(111) Check Xn against Xr fo r  te n ta tiv e  convergence as fo llo w s :
a. I>£ - Y<* lxni • < t
1 + IxSi
where
nsd
16'
nsd = Number ol; base 16, d ig its  asked fo r  1n the decision vecto r,
b. 1 ^ )  -  f « j ) l  ,  .  '  n« f
k 16
1 + I f(X K) to
where
nsf = Number o f s ig n if ic a n t figu res  asked fo r  in  the cost fu n c tio n .
(1v ) I f  (1 i 1) Ind icates convergence, then s ta r t  a new cycle a t (1) w ith
a sm aller step size 1n the one-d1men$1onal m in im izations.
I f  (11) denies convergence then ca lcu la te  a new d ire c tio n  o f 
search.
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yk _ uk yk
%i+l in  io  *
k+1.jnd d new X, by m inim izing
n x ^  *  «kM , v£+ 1 >
vk+l yk , k „k*o = + an+1 yfi+1 t
k+1A fte r Xa has been ca lcu la ted  a Powell ite ra t io n  is  completed.
k+1 k k+1(v) Again check fo r  convergence o f to  Xn as in  (1 1 i) .  I f  ^
has not converged, then repeat (11) through ( iv )  M = n+1 times, each
time rede fin in g  the base vector set by le t t in g
V*+1 = v j+1 . f o r  1 -  1, 2 . . . . ,n .
I f  a f te r  M Powell ite ra t io n s  the procedure has not ye t converged, 
k+1the base vector set is  redefined ju s t  as in  (1 ). This is  done to
ensure the lin e a r  Independence o f the n base vectors .
3-6 Convergence o f Powel11s Technique
Powell's technique as adopted 1n th is  in ve s tig a tio n  w i l l  always end 
up w ith  a l in e a r ly  independent set o f base vectors at the re la t iv e  m in i­
mum p o in t. This fo llow s from the fa c t th a t every time a s ta tio n a ry  po in t 
is  reached a new se t o f l in e a r ly  independent base vectors is  defined and
used fo r  a la s t  Powell I te ra t io n  and only when no b e tte r po in t 1s gener­
ated convergence 1s declared.
Zangwlll (1967) presented a proof fo r  convergence o f Powell's tech­
nique. This proof p ivotes on the fa c t  tha t the set o f base vectors 
is  l in e a r ly  Independent a t the minimum po in t and hence spans the n-d1men- 
sional vecto r space over En .
Let K denote an in f in i t e  subsequence o f in tegers. K^CK means the
in f in i te  subsequence K* is  a subsequence o f K.
k k k+1IX, I means the subsequence formed by the X, fo r  keK. {X, 1 is- I  keK —[ I
the subsequence formed by adding 1 to  each keK. I f  a subsequence tX^.}
keK converges to  X^ , one w rites
x5 -  X- keK ,—r —r
or ,lm kcK 4  ’  £
Theorem 1_ Let R be a continuously d if fe re n t ia b le  s t r ic t ly  convex 
fu n c tio n , £k fo r  a l l  k and X“  be po ints in  En , \^ k fo r  a l l  k and V" be 
d ire c tio n s  in  En , and c*k fo r  a l l  k and a* be sca lars. Also assume an 
a lgorithm  which generates
R(Xk+1) < R{Xk ) k = 1, 2 , . . .  . (111*6)
Given K an in f in i t e  subsequence o f in tege rs , assume
Xk X" , Vk - It 0 , and Xk+1^ X ^ 1, keK .
Also fo r  keK le t
Xk+1 = Xk + a k V k , ( I I I - 7 )
where a k is  chosen to  minimize R(^k + aVk) ,
then:
r * 1 -  r  .
Proof:
By ( I I I - 6 )  the sequence (R(Ak)}£« i monotonlc so tha t
11m R(Xk) -  11m R(Xk ) * 11m R(X.k+1). 
k-»*» keK keK
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Since R 1s continuous
11m R(Xk ) - R(X'“ ) , 
k. K
and 11m R(,Xk+^) a RtX"*^) ,
keK
hence R(X~+'*) s R(X~) •
A lso, since as X^ -*X°°, x” *'* and V,k-»VV 0 ^  must be *bat
a k -► a”  keK where a ”  1s the l im i t .
By hypothesis
R(Xk+1) =- R(Xk + a kVK) <R(Xk + a Vk ) ,
fo r  any fixe d  a .
Also c o n tin u ity  o f  R ensures th a t
R O f*1) -  R(X~ + a" V“ ) i  R(x" + a V~) , 
fo r  any a . Since R is  s t r i c t l y  convex, then a ”  * 0, and the re fo re ,
x " * 1 V"
or X "* ' -  X“
In what fo llow s 1 denotes the po in ts obtained along each d ire c tio n  
vector V ., i = 0  being the s ta r t in g  p o in t, and k counts the number o f
the Powell I te ra t io n .
Theorem 2 Let R be a s t r i c t l y  convex continuously d if fe re n t ia b le  
fu n c tio n . Assume fo r  keK tha t
Xk -  X.; , 1 * 0, 1 , . . . ,  n ,
Then X* * XT * . . .  ■ x“  , and X* 1s such th a t — —1 —n —o
vR()£) -  0 .
th a t 1s )£  1s the absolute minimum.
Proof:
Powell's a lgorithm  ensures th a t a po in t X“  1s reached from which
no be tte r po in ts are generated. This means tha t there is  K^ CK such tha t
V* > V'j’ . k( K1, 1 - 1, 2 , . . .  ,n ,
and X'” -  x7 « . . .  « £ .  ( 111-8)—o — 1 —n
Now R ( lf )  < R{X_!f_i + a v j) ,  fo r  a l l  a, 1 - 1, 2 , . . . , n .
Since R is  continuous and ( I I I - B )  holds, then 1t Is  also true th a t
R(X“ ) < R(X" + * £ )  , 1 - 1 ,  2 , . . . ,n , ( I I I - 9 )O — —0 "
and a l l  a.
Since V^", 1 = 1, 2 , . . . , n  are a l in e a r ly  Independent set o f base 
vecto rs , they span the space and hence { 111-9) holds only i f
vR()Q -  0 ,
fo r  otherwise there would be some sca la r s such th a t 
R(JT) - RQT + s y j )  = vr<jQvJ* o ,
o r R (X " )^  R(X* + svT) ,O ~D — I
which 1s a co n trad ic tio n  o f ( I I I -9 ) .
Therefore, X* 1s the absolute minimum o f R.—o
Powell's technique, as presented 1n th is  in v e s tig a tio n , 1s well 
behaved in  the sense th a t any convergent subsequence must converge to  a 
p o in t, where the grad ien t o f R, denoted vR, 1s zero fo r  R a s t r ic t ly  
convex continuously d if fe re n tia b le  fu n c tio n . Such a po in t w i l l  be the 
absolute minimum.
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CHAPTER IV
NUMERICAL SOLUTION TO THE DETERMINISTIC 
DISCRETE STREAM QUALITY PROBLEM
4-1 Problem Formulation
The general problem o f f ig u re  111-7 can be formulated as a 
d isc re te  time d e te rm in is tic  optimal con tro l problem.
Given:
(1) A system described by the nonlinear d iffe re n ce  equations 
F, -  Fj -  Fk . (IV -1)
fo r  1 = 1 , 2 ,  p ,
j  -  LINK1#1 
k = LINKi 2 
and F1 -  F1 FAC^ ,
1 - 1 , 2 .  . . . .  P . (IV -2)
Si - t 1 (s , d) , 
where LINK and FACI are defined as 1n section 3-4, 
s, = m-d1mens1onal s ta te  vec to r, 
d = m-d1mens1onal decision vecto r, 
i  = reach Index,
v = m-d1mensional vector fu n c tio n .
(11) A v a r ia tio n a l performance c r ite r io n
N
R -  L Tj (s , d j)  , 
j-1
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where
R = Total cos t,
r j  = m-d1mens1onal vector function  g iv in g  the cost per user, 
and N = number o f users (decis ion va riab les)
(111) Constraints
s_ e S^,  , 1 1 1 , 2 , . . . ,  p ,
( IV—4)
d c Dj (s ) ,  J -  1 ,2 . . . ,  N ,
where
* Set o f adm lslble sta tes a t reach 1, 
and Dj (s_) * Set o f adm lslble decisions a t s ta te  s. o f user j .
(1v ) An I n i t ia l  se t o f sta tes
I  and S ( IV-5)
F ind :
The decision sequence d^ , d^, . . . ,  such tha t R in  equation
( IV-3) 1s minimized, sub ject to  the system equations ( IV -2 ), the con­
s tra in ts  (IV -4 ) and the in i t i a l  cond ition  (IV -5 ).
4-2 Cost and i t ' s  Computation
As discussed in  chapter I I I ,  Powell's a lgorithm  converges to  
the absolute minimum 1f and on ly  1 f the to ta l cost func tion  R 1s convex 
and continuously d if fe re n t ia b le  over the whole decision space.
In the class o f problems under cons idera tion , there 1s a
region o f fe a s ib le  so lu tions defined by (111) o f section 4-1. Moreover,
the to ta l cost fu n c tion  1s not necessarily  a convex fun c tion  and there­
fo re  Powell's technique, as any o ther d ire c t search, w i l l  locate loca l 
minima only and not absolute minima. This 1s not a fa ta l Inconvenience
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since one can always s ta r t  a t points where the minimum is  expected to  
be, and obtain b e tte r po in ts o r confirm  the "hunch".
To maintain the search Inside a fe a s ib le  reg ion, ad d ition  o f 
penalty cost becomes necessary whenever the so lu tions v io la te  the 
boundaries o f the region. To th is  end a d is t in c t io n  1s made between 
e x p l ic i t  co n s tra in ts , l ik e  those maintained on the components o f the 
decision vec to r, and Im p lic it  constra in ts  maintained on the sta te  
va riab les .
E x p lic it  constra in ts  over the decision vector are defined as 
DL < d i  DU , (IV -1)
where DL 1s the vector o f lower l im its ,  
and DU Is the vector o f upper l im its .
DL and DU are ca lled  e x p l ic i t  because they con tro l d ire c t ly  
the vector d.
Im p lic it  co n s tra in ts , on the other hand, contro l the magni­
tude o f the vector d^ thru a fun c tion a l re la t io n  such as those defined 
by the system equations th a t describe the physical behavior o f the p o llu ­
tan ts concentration 1n the stream. As stated before, stream standards
are set on the p o llu ta n t 's  concentra tion , which 1n turn  depend on the
th thamount o f treatment provided a t the top o f a reach. For the 1 and j  
p o llu ta n t
^  (d) < STANDARD.) , 
and Sj (d) > STANDARDj .
The fe a s ib le  region 1s then defined by the set o f  e x p l ic i t ly  
fe a s ib le  decisions D1 In tersected by the se t o f decisions D" tha t make 
the s ta te  variab les fe a s ib le ; I .e .
S(d_) e S Im plies d. e D" ,
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then d i: D* (10*.
From now on O' (1 0" w i l l  be re fe rred  to as the fea s ib le
region D.
Whenever Powell's technique reaches a po in t d M  a penalty 
cost is  added to  the to ta l cost fu n c tio n . This penalty cost is  a cost 
higher than any o f the costs obtained fo r  d^  c D. In th is  way the 
search technique w i l l  move away from the higher p o in ts , namely those fo r  
which d i  D, and stay Inside the fe a s ib le  region.
Consider an I n i t ia l  po in t d^  ; the corresponding s ta te  t r a ­
je c to ry  s_ 1s determined by s im u la ting the physical transform ations o f 
the p o llu ta n ts  under the given decis ion p o licy  (L Once the values o f 
the s ta te  variab les are known, a check against the p o llu ta n ts  standards 
1s performed. I f  the value o f  a s ta te  v a ria b le , 1n a reach, v io la te s  
the maximum o r minimum standard concentration In th a t reach, then a 
penalty cost 1s added to  the to ta l cost. This penalty cost 1s added 
every time a s ta te  va riab le  v io la te s  a standard 1n a reach. S im ila r ly  
a check o f the components o f d 1s done against DL and DU, and every time 
th a t one o f the components o f d^  f a l ls  ou ts ide these l im its ;  a penalty 
cost 1s added to  the to ta l cost. This penalty cost 1s not a fixe d  va lue , 
but ra the r a ca lcu la ted  value which increases as the v io la t io n  becomes 
greate r and disappears as the so lu tio n  becomes fe a s ib le . For the example 
problems worked out In  la te r  chapters the penalty costs are evaluated 
as fo llo w s :
Let SR2 be a f1ct1clous cos t, a t le a s t equal to  the sum o f  a l l  
treatment costs when 100 percent treatment Is  provided a t a l l  discharge
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STANTEi
Figure IV -1
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DL(
Figure IV-2
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po in ts . Let STANTE and STANDO be the temperature and dissolved oxygen 
standards re sp e c tive ly , obtained from the loca l stream a u th o r it ie s , and 
le t  DL and DU be the lower and upper l im its  on the decision vector d.
The penalty costs Pe w i l l  be ca lcu la ted in  such a fashion tha t whenever 
one o f the standards o r l im its  on d are v io la te d , the to ta l cost func­
tio n  R becomes extremely high. In fa c t the purpose 1s to  make the cost 
R outside the fe a s ib le  region several times g reate r than a t any po in t 
ins ide  the fe a s ib le  reg ion, so th a t m acroscoplcally an apparently convex 
function  1s obtained. I t  1s c le a r , however, th a t since the Ind iv id ua l 
cost functions r  are not convex, the to ta l cost fun c tion  R w i l l  be 
nonconvex, a lso.
I f  a temperature standard 1s v io la te d  in  reach 1, then a lin e a r 
penalty cost Pe fo r  tha t v io la t io n  1s ca lcu la ted  from fig u re  ( IV -1 ), 
to  be
Pe1 = SR2*(STi -STANTE1 + c )/e , { IV-6)
where
ST^  1s the temperature at top o f reach 1 , 
e 1s an a rb itra ry  constant 
S im ila r ly ,  fo r  a v io la t io n  o f the d issolved oxygen standard 
STANDO^  in  reach 1 , the lin e a r penalty cost Pe 1s ca lcu la ted  to  be
fo r  th a t reach
Pe1 * SR2*(STANDOi -DOMIN1 + e) /e . ( IV-7)
I f  the lower l im i t  DL 1s v io la te d  fo r  component j  o f the 
decision vector d , then a lin e a r  penalty cost Pe Is ca lcu la ted  
, from f ig u re  ( IV—2)* to  be
Pe^ -  SR2*(DLj-d^+ E) / t  . ( IV-8)
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S im ila r ly  fo r  a v io la t io n  o f the upper l im i t  DU; the lin e a r  
penalty cost 1s ca lcu la ted to  be
Pej -  SR2*(Dj -  DUj + e)/e (IV -9)
Since SR2 has a cost higher than any po in t Ins ide the fe a s ib le  
reg ion, the lin e a r In te rp o la tio n  provides an even higher cost fo r  
un feasib le  po in ts . This means th a t a d ire c t search procedure w i l l  be 
driven away from the In fe a s ib le  reg ion , because the e n tire  fe a s ib le  
region provides lower costs than the lowest In fe a s ib le  p o in t.
A lin e a r In te rp o la tio n  produces a d e riv a tiv e  d is c o n tin u ity  
a t the boundary minus e ; to  avoid such d is c o n tin u it ie s  a second 
degree curve can be adopted fo r  ex tra p o la tio n . For a v io la t io n  o f 
STANDO,| ( f ig u re  IV-3) the penalty cost Is  ca lcu la ted as fo llo w s :
Let y -  kx2
then
y -  ke2 -  SR2 . 
and k « SR2/e2 ,
i t  fo llow s th a t
Pe1 -  SR2 (D0MIN1 - STANDOi  + e)2/ e2 (IV-10)
S im ila r ly  the penalty cost fo r  a v io la t io n  o f a temperature 
standard 1s ca lcu la ted  to  be
Pe1 -  SR2 (STANTE1 -  ST1 + e ) 2/ e 2 <IV-11)
The e x p l ic i t  con s tra in ts  DL and DU are accounted fo r  In the 
same way, namely fo r  a v io la t io n  o f DUj the quadratic penalty cost 1s 
ca lcu la ted  to  be ( f ig u re  IV -4)
Pej -  SR2 (d j -  DUj + c )2/e 2 . (IV-12)
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and fo r  a v io la t io n  o f the lower l im i t  DL;
J
Pe -  SR2 (OL -  d + > )2/ Z. ( I V - 1 3)
J J j
The computation o f the to ta l cost proceeds as fo llo w s :
(1) Check the given vector fo r  v io la t io n  o f DL and
DU, and add penalty costs to  the to ta l cost whenever 
a v io la t io n  occurs.
(11) Find 1n the cost tab les the cost corresponding to 
each component and sum.
(111) Compute the s ta te  tra je c to ry  corresponding to  d. ,
and add a penalty cost to  the to ta l cost R whenever 
a stream standard Is v io la te d  In a reach.
The computational procedure to  obtain the minimum 1s:
(1) Select a s ta r t in g  p o in t
(11) Use Powell's technique to  f in d  a loca l minimum,
using the above procedure to  f in d  the to ta l cost R.
(111) Repeat (1) and (11) u n t i l  a l l  I n i t ia l  po in ts have 
been used, and se lect the lowest o f them to  be the 
p o lic y  to adopt.
L ike a l l  o ther d ire c t search techniques, Powell's a lgorithm  
locates only local minima, and a global minimum 1s assured only 1f the 
to ta l cost fun c tion  R 1s convex over a convex reg ion. So, a disadvantage 
o f  th is  technique 1s th a t convergence to the absolute minimum cannot be 
guaranteed 1n a l l  cases. However, I t  should not be d i f f i c u l t  to show 
th a t convergence 1s monotonic. As shown in  section I I 1-6, convergence 
to  the absolute minimum can be rig o ro u s ly  proved fo r  a convex func tion  
over a convex region.
The value o f £ in  the previous discussion must be selected small 
enough so th a t the accuracy o f the answers 1s not a ffec ted .
In water treatment p lan t construction  and design, i t  1s Impossible 
to  construct p lants w ith  treatm ent le ve ls  d if fe r in g  1n one ten th o f a 
percent; th e re fo re , I t  1s q u ite  reasonable to  chooseeto be sm aller than
0 .1 , and expect a well behaved treatment cost eva luation as well as a 
smooth convergence to  the minimum by the computer model. In th is  In ­
ve s tig a tio n  e was taken to  be 0.001 fo r  both e x p l ic i t  and Im p lic it  
co n s tra in ts .
In genera l, £ must be chosen small enough so tha t I t  Is  p h ys ica lly  
unmeasurable 1n the va ria b le  under cons ide ra tion , I .e .  1t  1s Impossible 
to prove th a t a given p o llu ta n t concentration 1n a s tre tch  o f stream 1s
0.001 higher o r lower than the found value. Otherwise, an In f in i t e  
confidence 1n the homogeneity o f the p o llu ta n t 's  d i lu t io n  1n the stream's 
flow  15 Im plied.
As shown 1n the example problems o f chapters V and V I, the model 
w i l l  d rive  some decisions and sta te  variab les w ith in  less than e o f 
an upper o r lower l im i t ,  o r o f a stream standard, resp ec tive ly . Once 
convergence 1s declared a la s t func tion  eva luation Is performed w ithout 
using e , th a t 1s the gradual a r t i f i c i a l  ramp used to  clim b up to  SR2 
1s removed and not Included 1n the to ta l cos t, ob ta in ing the rea l cost 
Instead.
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4-1 I n i t i . i l  Tra je c to ry
I t  is to be expected th a t I f  the I n i t ia l  tra je c to ry  is  s u f f i ­
c ie n t ly  close to  the absolute optimal t ra je c to ry ,  then convergence to  
th is  absolute optimum should be obtained. But 1f the in i t i a l  tra je c to ry  
is  not close enough to  the absolute optimal t ra je c to ry  then, convergence 
to  a loca l optimum, ra the r than the absolute optimum, may occur. Now 
the question is  how to  obtain a "good" I n i t ia l  tra je c to ry .
When very l i t t l e  1s known about the region o f the systems 
optimal tra je c to ry  and, the knowledge o f the system i t s e l f  does not pro­
vide ad d ition a l in s ig h t,  then one proceeds, as in  any other successive 
approximation i te ra t iv e  technique, I n i t ia l iz in g  the decisions w ith 
a tra je c to ry  o f which one has a "hunch" o f  being near the op tim a l, o r
simply se ttin g  the dec is ions, equal to  100 or zero. In the wide class
o f problems where the s ta te  variab les are bounded, I n i t ia l  t ra je c to r ie s  
can be selected by looking a t these bounds. I . e . ,  in  water q u a lity  prob­
lems the constra in ts
0 <_ d^j ^  100% , 1 = 1 .2 , i . > i m , j  = 1 .2, . . . ,  p ,
can be used to  se lec t an I n i t ia l  tra je c to ry .
Knowledge o f the e x is tin g  e ff lu e n t treatment standards pro­
vide another I n i t ia l  t ra je c to ry ,  which turns out to  be o f great Impor­
tance fo r  the s e llin g  o f  the op tim iza tion  model to  regional water q u a lity  
boards, since by s ta r t in g  a t th is  t ra je c to ry  one shows th a t 1t may not 
be optimal fo r  the stream.
4 -4 Q ua lity  o f the S ta tionary Point
In th is  section a discussion on the q u a lity  o f the s ta tio n a ry  
po in t located by Powell's a lgorithm  1s presented. To th is  end three 
types o f problems w i l l  be discussed:
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(1) M in im ization o f  a nonconvex function  over a non- 
convex o r a convex region.
(11) M in im ization o f a convex func tion  over a nonconvex 
region.
(111) M in im ization o f a convex fun c tion  over a convex 
region.
In the f i r s t  case (1 ),th e  nonconvexity o f the re tu rn  functions 
denies some In s ig h t In to  the q u a lity  o f the s ta tio n a ry  p o in t, 1n fa c t ,  
a l l  one can say 1s th a t a loca l minimum has been reached. This s ta te ­
ment 1s b e tte r , however, than what could be said w ith  most other op tim i­
zation techniques.
More In s ig h t In to  the q u a lity  o f the s ta tio na ry  po in t can be 
gained by f i t t i n g  a hypersurface.
In the second case (11 ), convexity o f  the re tu rn  functions 
guaranties th a t the unconstrained problem has a unique minimum. I f  
th is  unconstrained minimum l ie s  Inside the nonconvex region then the 
s ta tio n a ry  p o in t located by Powell's technique w i l l  be an absolute m in i­
mum. I f  the unconstrained minimum fa l ls  outside the fe a s ib le  region 
then the s ta tio n a ry  po in t w i l l  be a re la t iv e  minimum and a boundary 
po in t.
The th ird  case (111), 1s s im ila r  to  the second, w ith  the added 
property o f  convexity o f  the fe a s ib le  region. This property assures 
tha t the boundary minimum Is the absolute minimum o f the fe a s ib le  region.
Note th a t Powell’ s procedure as presented In th is  Inves tiga ­
t io n ,  can be s ta rted  Inside o r outside the fe a s ib le  region and s t i l l  
converge to  a loca l minima. Convergence o f the procedure 1s monotonic 
and re la t iv e ly  fa s t ,  as fa r  as time 1s concerned. The fa c t  th a t Powell
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looks fo r  be tte r po in ts along N + 1 d if fe re n t  d ire c tio n s , in  every 
Powell i te ra t io n ,  makes the loca tion  o f  a fe a s ib le  po in t almost Immediate, 
when s ta rt in g  a t an In fe a s ib le  po in t.
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CHAPTER V 
SOLUTION TO A DETERMINISTIC EXAMPLE 
5-1 Statement o f the Example Problem
To i l lu s t r a te  an ap p lica tio n  o f the mathematical model 
developed in  the previous chapters, consider the stream shown in  f ig u re  
V - l.  The stream consists o f two converging and two d iverg ing branches 
on which 15 reaches have been defined. The enumeration o f the reaches 
is  s ta rted  a t the upper most user o f the converging branches up to the 
converging p o in t, then i t  is  continued a t the upper most user on the 
nearest converging branch to the le f t  u n t i l  the la s t branch numbers 
the to ta l stream. Diverging branches are numbered sequen tia lly  s ta rtin g  
a t the po in t o f divergence and ending a t the sea. Each reach of the 
stream is  defined as the s tre tch  o f stream between two dischargers or 
a discharger and a converging or d iverg ing po in t.
For th is  example 16 water users are considered, 8 using the 
water fo r  cooling purposes and 8 discharging b io lo g ica l oxygen demand.
The sta te  vecto r, fo r  every reach, becomes a 3-dimens1onal
vector
Si *
STl
DOMIN1
LT1
1 - 1 . 2 ............. 15 . (V - l)
where
STj is  the temperature a t top o f reach 1 (°C ),
16
DrO)
Dt(2)
vDb{3)
CP
*1 5 )
Db(6)
*>b(7) d t(8>
Db(4)
CP : Converging Point
DP : Diverging Point
TRlB : Tributary
DT(j) : Temperoture Treatment
0b( }) : BOD Treatment Figure V-l
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DOMINj 1s the minimum dissolved oxygen concentra­
tio n  in  reach 1 (ppm) ,
LT.j 1s the BOO load a t top o f reach i (ppm).
The decision vecto r 1s a l6-d1mens1onal vector D, w ith  com­
ponent j  g iv in g  the percent o f p o llu tio n  removed by user j .
This p a r t ic u la r  problem can be stated as 1n chapter IV. 
Given
(1) The system o f f ig u re  V - l» described by the nonlinear 
d iffe rence  equations
F1 -  Fj  + Fk • <v' 2>
fo r  1 = 1 , 2 ,  . . . , 1 5  ,
j  = LINK1 fl
k . L IN K i#2
where LINK and r ALI or section j - h are aennea oy
[16 1 17 3 4 5 6 7 8 9 10 8 12 13 14 T0 0  0 0 2 0 0 0 0 0  0 0  0 0 Oj ,
FACI = ( 1 1 1 1 1 1 1 1  0.43 1 1 0.57 1 1 1 )T
and
( 11)
F. = F1 FACIj . (V-3)
*L| * f  i (§-) » 1 * 1, 2, . . . .  15.
A separable performance c r ite r io n  
16
R -  Z r .  (s , d j  , (V-4)
j= l J J
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LOCON
where r j  are given 1n tab le  B-1 o f appendix B and 
are located fo r  each reach 1 In the m atrix  LOCON 
defined as
[1 2 0 5 0 0 8 9 0  11 0 0 14 0 16~|T0 3 4 6 0 7 0 10 0 12 13 0 15 0 o j
where the f i r s t  column o f LOCON contains the subscrip ts , 
In the decision vector D , o f the temperature t re a t ­
ment leve ls  o f reach 1 (given by the row number), 
and the second column contains the subscrip t number,
1n the same decision vector £  , o f the organic t r e a t ­
ment le ve l o f reach 1 .
I f  the subscrip t o f the temperature treatment
va ria b le  o f reach 7 Is desired then j  * LOCON^   ^ * 8
Ind icates th a t component number 8 o f the decision 
vector D 1s the temperature treatment va riab le  o f 
reach 7.
j  * LOCONy 2 a 0 Ind icates tha t 1n reach 7 there 
1s no BOD discharger and there fore  no treatment 
va riab le  fo r  BOD.
(i1 1 ) C onstraints
STi <. STANTEi , 1 - 1 , 2 ...........  15 ,
D0MIN1 >. STANDOi , 1 - 1 , 2 ,  . . . , 1 5  , (V-5)
where
DLj < Dj i  DUj , j  -  1, 2............. 16
ST.| 1s the maximum stream temperature 1n reach 1 
ca lcu la ted  w ith  equations (11-20),
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STANTE^  is  the temperature standard in  reach i »
DQMIN^  is  the minimum dissolved oxygen concentra­
t io n  1n reach 1 , ca lcu lated w ith  equations 
( I I -8) th ru  (11-16),
STANDO^  1s the dissolved oxygen standard in  reach 1 ,
DL. and DU- are the lower and upper l im its  on D- .
J J J
A care fu l study o f the cost tab les reveals th a t fo r
DL = (20, 30, 30, 40, 40, 20, 36, 30, 40, 30, 10, 40, 30,
20, 40, 20),
the re tu rn  functions r j  , j * 1 .2 , . . . ,  16 are convex 
func tions . This is  no longer true  1f one sets as lower 
l im its  the already e x is tin g  treatment p lan ts .
DL = (0, 0, 0, 10, 0 , 0, 0, 0, 0 , 16, 0, 20, 0, 0, 0 , 0 ).
(1v) I n i t ia l  conditions
(F16 * SB16 * D016 * LB16* * * 975 mgd* 150C’ 9,5 ppm>2*5 ppmJ
, and
(F17 , SB]7 , D017 , LB1?) = (1020 mgd, 14°C, 9.5 ppm, 2 ppm),
where
Fj 7 , Fjg are the inpu t stream flows 
SBj7 , SB-|g are the stream temperature o f the Input flows 
LB-j7 , LB-j£ are the streams BOD load o f the inpu t flows
Find:
The decision se t Dj , j  -  1 ,2 , . . . ,  16 tha t 
minimizes R o f equation (V-4) sub ject to  the system 
equations (V-3) , the constra in ts  (V-5) and the I n i t ia l  
cond itions (V -6).
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The necessary data fo r  th is  stream are shown 1n 
appendices B and C. The program developed fo r  the 
a p p lica tio n  o f the mathematical model to any 
stream 1s shown In appendix D.
5-2 Computer A lgorithm
In th is  section the lo g ic  o f the computer program shown In 
appendix D 1s explained.
The program 1s w r itte n  1n FORTRAN-IV and was executed on 
Louisiana State U n iv e rs ity 's  IBM 360/65. To use the program on a given 
stream, one has to  redefine the common blocks so as to  provide s u f f ic ie n t  
storage, and a lso redefine the fo llow in g  va ria b les : N, M, MM2, STT.
Also the arrays LINK, LOCON and FACI have to  be provided fo r  the par­
t ic u la r  stream, as well as a l l  the Input data required fo r  the read 
statements. Other than these changes the program Is general enough 
to take on any r iv e r  geometry and any number o f p o llu ta n ts , provided 
the physical behavior o f  a l l  p o llu ta n ts  Is Included 1n the respective 
subroutines *
The lo g ic  o f  the main program is  ra the r simple and fo llow s
1. Read Input data
2. Define a s ta r t in g  po in t
3. Use Powell to f in d  the minimum
The lo g ic  o f Powell's a lgorithm  1s a l i t t l e  more Involved 
and fo llo w s .
1. Choose an I n i t i a l  se t o f l in e a r ly  Independent base
vectors
V11 “ + 1 X1 1J/2  f o r  1 = 1 , 2  16
V^j * 0 j  * 1 .2 , . . . ,  16
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2. Perform a one dimensional m in im ization along 
each base vecto r:
It
For ite ra t io n  k se le c t to  minimize
f  ( -^1-1 + w ith  respect to  a*
and obta in
„k «k k t.k
i ,  -  A ,.!  + “1 Yi •
3. Repeat 2. m >_ n times adopting each time the best 
po in t.
k k4. Check w ith  X j fo r  convergence, I f  so then using 
a smaller step s ize  fo r  the one-d1mens1onal m inim i­
za tion  go to  1. I f  no t, then perform a la s t one­
dimensional m in im ization along
ln+1 in  *0 *
and f in d  yk+1 = tfk . „  ou
*0  *  “  -n+1
k+15. Again check fo r  convergence o f the new Xq to  the
If
o ld  , 1f so proceed as 1n 4, 1 f not then replace 
Vj by y^+1 In the base vector set. I f  m Powell 
steps have been taken then redefine the base vector 
set as 1n 1.
6. Convergence 1s reached I f  a refinement step leads 
to  the same po in t as the unrefined step.
The cost fun c tion  Is given by subprogram TCOST and c o n s ti­
tu tes the body o f the model. The lo g ic  1s the fo llo w in g :
Given a decis ion vector
1. Check to  see 1 f the components v io la te  an upper or
lower l im i t ;  I f  they do add a lin e a r  o r quadratic
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penalty cost to  the to ta l cost.
2. Calculate the streams s ta te  tra je c to ry  and check 
against the stream's standards. I f  they are v io ­
la ted  add a lin e a r  o r quadratic penalty cost to  the 
to ta l cost
3. Calculate the cost corresponding to  every decision
The subprograms performing the physical transform ations o f 
the p o llu ta n ts  are s tra ig h t-fo rw a rd  computations o f the equations a rrived  
a t in  chapter I I .  and are modular In the sense th a t new p o llu ta n ts  
can be handled by adding respective subroutines describ ing the physical 
behavior o f  the po llu ta n ts  1n the stream.
5-3  Computational Results fo r  Example 1
When the lower l im i t  on the decis ion vector Is  defined by 
DL * (0 , 0 , 0, 10, 0, 0 , 0, 0 , 0 , 16, 0 . 20, 0 , 0, 0 , 0 ), 
the re tu rn  functions r^ , j  * 1 ,2 , . . . .  16 combine to  form 
a nonconvex hypersurface
16
R * z r .  
j-1  J '
Since the to ta l cost fu n c tion  can be made convex by s e ttin g  
DL » (20, 30, 30, 40, 40, 20, 36, 30, 40, 30, 10, 40, 30, 20, 
40, 20)
i t  is  to  be expected th a t the nonconvexity s ta r ts  below th is  DL ; th a t 
is  to  say, th a t many s ta tio n a ry  po in ts s ta r t  appearing fo r  values o f 
D below th is  la s t DL , provided the s ta te  tra je c to r ie s  are s t i l l  
fe a s ib le .
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For the p a r t ic u la r  problem under study fou r s ta rt in g  
points were used. F irs t  the p o lic y  "everybody provides maximum 
secondary treatm ent" was tested and the fo llo w in g  in i t i a l  po in t 
adopted
D * (85, 85..........  85) ,
TC * $10,310,800.
A fte r  52 Powell I te ra tio n s  the program found the fo llow ing  
re la t iv e  minimum
D = (0, 0, 38, 61, 0, 3, 61, 12, 31, 17, 34, 43, 27, 0 , 4 , 0 ),
TC = $2,367,900
and the fo llo w in g  s ta te  tra je c to ry  
LT = (2 .5 , 4.45, 5.32, 10.08, 6.95, 6.40, 5.99, 5.75, 5.22,
5.64, 6.22, 5.22, 13.52, 12.56, 11.23) ,
LB = (2.43, 4 .1 , 4.99, 9.68, 5.77, 5.99, 5.28, 5.22, 4.74, 4.66.
5.32, 4.68, 12.84, 11.48, 8.73) ,
DOT = (9 .5 , 9.34, 9.21, 9.06, 8.97, 8.35, 8.12, 7.77, 7.51, 7.22,
6.81, 7.51, 7.06, 7.06, 6.39) ,
DOB = (9 .5 , 9.16, 9.08, 8.78, 8.35, 8.12, 7.83, 7.51, 7.32, 6.87, 
6.50, 7.31, 6.59, 6.33, 5. ) ,
ST = (15.82, 16.64, 14 ., 16.42, 16.34, 16.53, 17.46, 18.44, 18.44,
19.5, 20 ., 18.44, 19.76, 19.84, 20.43) ,
SB = (15.82, 16.34, 15 ., 16.34, 16.5, 17.03, 17.96, 18.44, 18.44, 
20 ., 20 ., 18.94, 19.76, 20 ., 20.43) , 
where
LT Is BOO load a t top o f reach ,
LB Is BOD load a t bottom o f reach ,
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DOT Is d issolved oxygen concentration a t top,
DOB Is d issolved oxygen concentration a t bottom ,
ST Is temperature a t top o f reach (°C) ,
SB is  temperature a t bottom o f reach (°C).
I t  1s In te re s tin g  to  note th a t the procedure had converged 
a fte r  18 ite ra tio n s  to  the po in t
D = (2 , 1, 38, 61, 0, 3, 61, 12, 31, 17. 34, 43, 27,
0, 4, 0) ,
and TC = $2,394,900 , which 1s less than 5% away from the located 
minimum.
Note th a t once the a lgorithm  reaches th is  p o in t, 1t 1s 1n a 
very f l a t  neighborhood around the re la t iv e  minimum, which means th a t 
the gradien t 1s approaching zero as wanted. This re la t iv e  minimum 1s 
the f i r s t  encountered by the a lgorithm  w hile descending from a high 
po licy  such as 85% treatment everywhere.
A second s ta r t in g  po in t was taken to  be "everybody removes 
h a lf o f his p o llu t io n "  o r a decision vector 
D = (50, 50, . . . ,  50) , and 
TC = $5,894,200 .
A fte r  46 Powell Ite ra tio n s  the model reached the fo llo w in g  
re la t iv e  minimum
D * (0 , 0, 3, 47, 0, 25, 41, 8, 24, 25, 38. 37, 49, 5,
5, 6) , and 
TC -  $2,239,700 .
The optimal s ta te  tra je c to ry  fo r  th is  so lu tio n  1s
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LT - (2 .5 , 4.77, 6.55, 9.99, 7.05, 6.53, 6.11, 5 .8 , 5.26,
5.79, 5.85, 5.26, 13.42, 12.5, 11.17) ,
LB = (2.43, 4 .39, 6.14, 9.59, 5.85, 6.11, 5.38, 5.26, 4.78,
4.78, 5.01, 4.72, 12.74, 11.42, 8.69) ,
DOT = (9 .5 , 9.34, 9.21, 8.99, 8 .93, 8.31, 8.08, 7.73, 7.46,
7.17, 6.75, 7.46, 7.02, 7.03, 6.37) ,
DOB = (9 .5 , 9.14, 9.01, 8.72, 8 .31, 8.08, 7.78, 7.46, 7.28,
6,82, 6 .5 , 7.26, 6.56, 6 .32, 5 ) ,
ST = (15.82, 16.64, 14, 16.42, 16.34, 16.53, 17.47, 18.49,
18.49, 19.5, 20, 18.49, 19.77, 19.85, 20.41) ,
SB * (15.82, 16.34, 15, 16,34, 16.5, 17.03, 17.97, 18.49,
18.49, 20, 20, 18.99, 19.77, 20, 20.41) .
Again the fla tness  around the re la t iv e  minimum 1s manifested
in the fa c t tha t a f te r  4 Powell 1nterat1ons the a lgorithm  had reached a
po in t w ith in  5 percent o f the re la t iv e  minimum.
As shown by the re s u lts  the second re la t iv e  minimum 1s a 
d if fe re n t po in t on the hypersurface, although b e tte r since the cost is  
lower. I t  seems th a t the chances o f ge ttin g  to a b e tte r minimum increase 
as the in i t i a l  po in t 1s choosen c loser to  the lower l im its  o f D. This
is  a natura l phenomena, since the chances to  ob ta in  the absolute minimum
should Increase as one chooses in i t i a l  po in ts c loser to  1 t ,  more so 1f 
the fea s ib le  region 1s nonconvex.
The next I n i t ia l  po in t was
D -  (35, 35, . . . ,  35) ,
TC -$4,191,380,000 ( In fe a s ib le ) ,  
which corresponds to  the p o lic y  "Everybody provides maximum primary
trea tm e n t".
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The optimal p o licy  fo r  th is  po in t was found in  32 Powell 
ite ra t io n s  to  be
D -  (0. 0, 55, 49, 0, 35, 2, 17. 26, 17, 35, 26, 20. 0, 0, 0 ) ,  
TC -  $2,130,500, 
w ith  the fo llow ing  sta te  tra je c to ry
LT = (2 .5 , 4 .3 , 6 .4 , 9.34, 6.52, 6.19, 5.79, 5.57, 5.06, 5.78,
6 .5 , 5.06, 13.71, 12.69, 11.34) ,
LB = (2.43, 3.96, 6, 8.97, 5.41, 5.79, 5 .1 , 5.06, 4.59, 4.77, 
5.56, 4.54, 13.02, 11.59, 8.82) ,
DOT = (9 .5 , 9.34, 9.21, 9, 8 .96, 8.41, 8.18, 7.85, 7.59, 7 .3 , 
6.85, 7.59, 7.14, 7.10, 6.42) ,
DOB = (9 .5 , 9.17, 9.02, 8.76, 8.41, 8 .18, 7 .9 , 7.59, 7 .4 , 6.92,
6 .5 , 7.39, 6.66, 6.36, 5) ,
ST = (15.82, 16.64, 14, 16.42, 16.34. 16.53, 17.44, 18.45,
18.45, 19.5, 20, 18.45, 19.77, 19.84, 20.43) ,
SB = (15.82, 16.34, 15, 16.34, 16.5, 17.03, 17.94, 18.45, 18.45, 
20, 20, 18.95, 19.77, 20, 20.43) .
Once more th is  re la t iv e  minimum 1s located in  a very f l a t  
region about the re la t iv e  minimum, since the a lgorithm  reached a po in t 
w ith in  5% o f the minimum a f te r  6 Powell ite ra t io n s .
The f i r s t  two in i t i a l  points were chosen ins ide the
fe a s ib le  region and on the high convex pa rt o f the to ta l cost fu n c tio n . 
Next, an in fe a s ib le  po in t was chosen as the I n i t ia l  p o in t, the po in t
in question was chosen in  the low pa rt o f  the to ta l cost func tion  and
the re fo re  the procedure should have climbed the cost fun c tion  u n t i l  1t 
became fe a s ib le , thereby lo ca tin g  one o f the lowest fe a s ib le  minima 1n
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the nonconvex pa rt o f the to ta l cost fun c tion .
The fo llo w in g  was the next in i t i a l  p o in t,
0 = (0, 0, 0, 10, 0, 0, 0, 0, 0, 16, 0, 20, 0, 0, 0, 0) ,
TC = $2,025,800,000 ( in fe a s ib le ) ,
and a f te r  22 ite ra tio n s  w ith  the constructed a lgorithm  the 
fo llo w in g  minimum was located
0 = (0 , 0, 0, 98, 0, 0, 0, 0, 0, 75, 0, 20, 0, 0, 0, 0) ,
TC = $1,415,000 
w ith  the fo llo w in g  s ta te  tra je c to ry
LT = (2 .5 , 4 .8 , 2.16, 7.41, 5 .8 , 5.62, 5.26, 4.75, 4 .3 ,
5.21, 6.44, 4 .3 , 13.06, 12.27, 10.97) ,
LB = (2.43, 4.42, 2.03, 7.12, 4 .81, 5.26, 4.63, 4.31,
3 .9 , 4.28, 5.49, 3.86, 12.4, 11.21, 8.53) ,
DOT = (9 .5 , 9.34, 9.21, 9.23, 9.09, 8.59, 8.38, 8 , 7 .8 , 7.55,
6.99, 7 .8 , 7.39, 7.27, 6.6) ,
DOB = (9 .5 , 9.14, 9.26, 9.03, 8.59, 8.38, 8.05, 7 .8 , 7.65, 7.06,
6 .5 , 7.64, 6.92, 6.55, 5.21) ,
ST = (15.82, 16.64, 14, 16.42, 16.34, 16.53, 17.5, 18.67, 18.67, 
20.15, 20.5, 18.67, 19.81, 19.88, 20.43) ,
SB = (15.82, 16.34, 15, 16.34, 16.5, 17.03, 18, 18.67, 18.67,
20.5, 20.5, 19, 19.81, 20, 20.43) .
As was to  be expected, the a lgorithm  drove in to  the fe a s ib le
region 1n the f i r s t  I te ra t io n ,  and on the second ite ra t io n  was w ith in
5 percent o f the located minimum. For th is  problem th is  la s t  po in t Is
adapted as the global minimum, so th a t the optimal p o licy  1s: Provide
no temperature treatment a t a l l ,  and fo r  organic p o llu t io n  provide the
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fo l lo w in g  98 percent In reach 4, 75 percent in  reach 8 , and 20 percent 
in reach 10, a t a l l  o ther reaches no treatment is  necessary.
In water resources and other socio-economic re la ted  prob­
lems, the q u a lity  o f the physical systems, and cost data, Include e rro rs 
o f estim ation or measurements w ell over 5 percent; there fore  sound 
engineering judgement must be exercised when in te rp re tin g  these answers 
always remembering th a t:
a. The stream flow  measurements may Include e rro rs  up to  
10 percent.
b. The behavior o f the p o llu ta n ts  in  the stream have been 
idea lized  and 1n re a l i ty  numerous unaccounted fac to rs  
Influence the p o llu ta n ts  performance.
c. The design flows have been choosen somewhat a r b i t r a r i ly .
d. The cost functions are always estimates and not f in a l 
p ro je c t costs.
e. D isc re tiza tio n  e rro rs  may well account fo r  as much as 
5 percent.
The f in a l minimum treatment cost o f $1 ,415,000 should not be 
taken too l i t e r a l l y  because:
a) The treatment costs tab les were ca lcu la ted  1n accordance 
to standardized procedures and monographs, and therefore  
they y ie ld  only p re lim inary  estim ates, and not a formal 
f in a l b id .
b) I t  Is  w ell known th a t a 5 percent discrepancy in the bids 
from d if fe re n t  companies 1s not unusual; th e re fo re , the 
minimum annual treatment cost may e a s ily  be modified by 
up to  5 percent, o r more, by v ir tu e  o f the bids alone.
69
I t  is  worthwhile to conment th a t the id e a liz a tio n  o f the 
physical behavior o f a system is  a common assumption in  science and 
engineering. A lso, 1n other op tim iza tion  problems, cost tab les are 
ca lcu la ted from previous standarlzed monographs o r data, and th e re fo re , 
only p re lim inary  cost estimates are used, in  a l l  cost m in im ization 
problems. One can see again tha t answers to  op tim iza tion  problems, 
when dealing w ith  la rge  complicated systems such as: s tru c tu ra l
o p tim iza tio n , water resources, in d u s tr ia l systems, and m il i ta r y  systems, 
should not be taken too l i t e r a l l y  . That th is  1s obvious fo llow s i f  one 
considers th a t In te re s t ra te s , p rice  o f m a te ria ls , labor costs and 
construction  techniques vary from one s ta te  to  another and most un- 
p red lc tab ly  over time.
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CHAPTER VI 
A SECOND EXAMPLE PROBLEM
6-1 D escrip tion o f the Problem
To show the g e n e ra lity  o f the model developed 1n the pre­
vious chapters, consider a stream as shown in  f ig u re  V I-1. The Input 
data to th is  stream are the same as tha t o f f ig u re  V - l , w ith  two main 
exceptions, f i r s t  reach 3 o f f ig u re  V-l has been moved to  become 
reach 1 o f f ig u re  V I-1 , and reach 11 o f f ig u re  V-l 1s s t i l l  reach 11 
in fig u re  V I-1 , but now i t  fo llow s reach 9. The geometry o f the r iv e r  
has been a lte red  by adding one more converging and d iverg ing reaches.
To increment the danger o f waste heat discharge, the flows o f a l l  heat 
dischargers have been doubled.
In the previous example a lin e a r penalty cost was used, 
there fore  in th is  example a quadratic penalty cost is  adapted seeking 
to smooth out the boundaries o f the cost function  and perhaps increase 
the speed o f convergence.
N a tu ra lly  w ith  a d if fe re n t  geometry the fo llo w in g  changes in  
the op tim iza tion  program became mandatory.
F ir s t ,  there are 18 reaches to  consider, and there fore  the 
common blocks are changed to  a t le as t 18 dimensional blocks. The number 
o f dischargers has not changed, remaining fixed  a t 16, however the 
sequence 1n which they are numbered changes, and the re fo re  the m atrix 
10C0N becomes:
16
Dt(3)
Pb(*>
— * — 1
Dt(8)
Figure VI-1
Dt (9)
Db(10)
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and
To 2 3 5 0 0 8 9 0 11 0 0 14 0 16*1 T
LOGON -
[ j  0 4 6 0 7 0 10 0 12 13 0 15 0 0
also LINK and FACI change, becomming
[h i 17 2 18 4 5 6 7 8 9 9 8 12 13 14I  f0 0 1  0 3 0 0 0 0 0 0 0  0 0 0
FACI = (1 1 1 1 1 1 1 1 .57 .55 .45 .43 1 1 1 ) !
I t  is  c le a r then th a t no m atter what r iv e r  geometry is  pro­
vided the model 1s general enough to  perform a search fo r  the optimum.
This g e n e ra lity  and the modular construction o f the program 
permits a program user to  f in d  the best treatment p o licy  fo r  any stream 
p o llu tio n  problem as long as the physical re la tio n s  o f the p o llu ta n t ‘ s 
behavior in  the stream are provided 1n the form o f subroutines. In 
add ition  the user must provide a l l  the necessary Input data on the 
stream in  order to  ob ta in  adequate answers.
6-2 Search fo r  the Optimum
Since the temperature discharge has been doubled the feas ib le  
region D is  expected to  decrease w ith  respect to  the fe a s ib le  region o f 
chapter V. A d ire c t consequence o f th is  action w i l l  be the e lim in a tio n  
o f the lowest va lleys  in  the to ta l cost fun c tion .
The f i r s t  i n i t i a l  po in t w i l l  be
D * (10, 10, , 10, 20) , and
TC = $573221x10® ( In fe a s ib le ) ,  
c le a r ly  an un feasib le  p o in t, since 1t exceeds SR2. The mathematical 
model proceeds to  f in d  a re la t iv e  minimum 1n 44 Powell I te ra tio n s  a t 
D = (86, 35, 2, 0, 73, 0, 0, 97, 98, 18, 55, 20, 0,
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10, 0 , 44 ), and 
TC = $5,030,700.
This means th a t fo r  the accuracy se lected , s ix  hexadecimal 
places, convergence to  the re la t iv e  minimum Is ra the r slow a f te r  the 
a lgorithm  approaches the re la t iv e  minimum w ith in  5%. In fa c t ,  a f te r  8 
ite ra t io n s ,  any o f the successive po in ts 1s as good a re la t iv e  minimum 
as the f in a l one, once a 5% p rox im ity  to  the re la t iv e  minimum 1s 
obtained.
A second I n i t ia l  p o in t was selected to  be "Provide maximum 
Primary treatment a t a l l  discharge p o in ts " , o r
D “  (35, 35, . . . ,  35), and 
TC » $280931xlO7 ( In fe a s ib le ) .
The model reached the fo llo w ing  re la t iv e  minimum a fte r  34
Powell I te ra t io n s ,
D - (86, 15, 16, 0 , 72, 0, 0, 88, 93, 16, 56, 20, 0, 17,
0, 44), and 
TC = $4,597,900.
Again 1n 6 ite ra t io n s  the a lgorithm  was p ra c t ic a lly  a t th is  
re la t iv e  minimum.
A th ird  I n i t ia l  p o in t was 
D = (50, 50, . . . ,  50), and
TC -  $870927x106 ( in fe a s ib le ) .
Note tha t p o lic y  "A ll use r's  must remove h a lf  o f th e ir  p o llu -
t1on" 1s not a fe a s ib le  p o lic y . Amazingly, I t  v io la te s  the stream stand
ard a t some unspecified reach. I t  1s c le a r th a t the model has a tremen­
dous value as a design to o l,  o r a con tro l too l w hile  deciding on the
actual bids fo r  cons truc tion . A decis ion maker feeds In to  the program
the ava ilab le  bids and decides whether o r not to  take them based on the
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   Irom the program. What 1s meant by th is  is  tha t once the bids
.ire received, real cost functions can be constructed, and the best 
combination o f bids selected. Namely, fo r  a given reach, several 
sizes o f treatment p lan ts w i l l  be proposed by the b idders , regardless 
o f the s ize th a t was asked fo r ,  and the real l i f e  prices from one size 
to another w i l l  vary w ith  d if fe re n t  manufacturers. The model then also 
permits the se lec tion  o f the best bid combination.
Returning to  the la s t  s ta r t in g  p o in t, the model converged to 
D = (86, 14, 17, 0, 72, 0, 0, 93, 94, 16, 56, 20, 0, 14,
0, 44) , and 
TC = $4,683,400 .
This re la t iv e  minimum Is a close neighbor o f the previous 
one, the d iffe rence  being a small increase 1n component 8 being tra n s ­
fe rred  to  a decrease 1n component 14 o f the la s t so lu tio n . I f  the two 
la s t  p o lic ie s  are 1n fa c t the same, then the region on which they are 
s itua ted  is  ho rizon ta l as fa r  as 6 d ig i t  machine Is concerned and 
the re fo re  they cannot be Drought to  converge.
I t  seems to  th is  Inve s tiga to r th a t there are a c tu a lly  two 
d if fe re n t  re la t iv e  minima, since the a lgorithm  provides a search along 
the components 1n question and s t i l l  two separate minima were obtained. 
However, fo r  a l l  p ra c tica l engineering purposes they co n s titu te  the same 
p o in t, since construction  bids can e a s ily  make up the d iffe re n ce .
A f in a l I n i t ia l  p o in t was taken to  be 
D - (85, 85, . . . ,  85) , and 
TC ■ $58,259,100 ( In fe a s ib le ) .
A fte r  24 Ite ra tio n s  the model converged to  the fo llow ing  
s ta tio na ry  p o in t,
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D = (86, 34, 4, 0, 72, 0, 0, 10, 33, 17, 72, 20, 0,
32, 2, 56) , and 
TC = $3,750,800 .
The optimal s ta te  tra je c to ry  fo r  th is  decision tra je c to ry  1s 
LT = (3.91, 2 .5 , 4.37, 14.75, 6.21, 5.94, 5.56, 5.36, 4.84,
6.74, 9.17, 4.84, 13.37, 12.46, 11.13) ,
LB = (3.67, 2.43, 4.02, 14.14, 5.14, 5.56, 4.88, 4.84, 4.38,
5.5, 7.89, 4.33, 12.67, 11.37, 8.64) ,
DOT = (9.01, 9 .5 , 9 .2 , 9.41, 9.02, 8 .49, 8.28, 7 .89, 7.64, 7.29
7.33, 7.64, 7.21, 7.12, 6.36) ,
DOB = (9 , 9.47, 9.05, 8.91, 8.49, 8.28, 7 .94, 7.64, 7.48, 6.59,
6.55, 7.46, 6.68, 6.31, 5) ,
ST = (14, 16.17, 16.69, 17, 16.5, 16.53, 17.9, 19.28, 19.21,
21, 19.21, 19.21, 20.26, 20.14, 20.5) , and 
SB = (15, 16.15, 16.47, 16.62, 16.5, 17.03, 18.4, 19.21, 19.21, 
20.63, 19.21, 19.13, 20.22, 20.11, 20.5) .
Note th a t even a p o licy  as generous as maximum secondary 
treatment on a l l  discharge points produces a penalty cost a t reach one, 
where the minimum treatment must be 86 percent BOD removal.
The la s t re la t iv e  minima is  c le a r ly  the lowest fe a s ib le  po in t 
located on the hypersurface under considera tion , and 1s adapted as the 
absolute minimum.
From the nature o f the re tu rn  functions r j  one can In tu i t iv e ly  
see th a t,  most l ik e ly ,  there are many other s ta tio n a ry  po ints in  the 
hypersurface R. The question as to  when to  stop looking fo r  them becomes 
a question o f computer budget, experience, Ingenuity  and patience. For
th is  in ve s tig a to r the purposes o f demonstration have been f u l f i l l e d ,  
and the re fo re  the search fo r  b e tte r po in ts 1s concluded.
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CHAPTER V II 
A DESIGN TOOL
7-1 The Model as a Design Too l.
In the previous two examples the model was used to  locate the less 
co s tly  decision p o lic y  w ithout v io la t in g  any o f the standards set on 
the stream. Once the answer to  th is  type o f question 1s found, a 
regional stream q u a lity  management board n o t if ie s  the water users o f 
the amount o f treatment each should provide so as to  minimize the 
ove ra ll treatment cost.
Now, there may be one or more users who f la t l y  refuse to provide 
more treatment than a ce rta in  a rb it ra ry  le v e l. This may happen 1f 
enough p o l i t ic a l  and legal power are a t the user's  d isposal. I f  th is  
1s the case, the management board s t i l l  wishes to  obtain the o ve ra ll 
minimum treatment cost p o licy  w ith  the added co n s tra in t o f one o r more 
users f ix in g  th e ir  treatment leve ls  a t some a rb itra ry  removal percentage. 
Obviously,when faced w ith  th is  s itu a tion ,.th e  board w i l l  not set the 
remaining treatment leve ls  a r b i t r a r i ly ,  but ra th e r w i l l  seek a treatment 
p o licy  th a t minimizes the o ve ra ll treatment cost w ith  whatever decision 
variab les are le f t  to  co n tro l.
Although unpleasant, th is  1s a real l i f e  s itu a tio n  and must be 
faced w ith  the same Ingenuity as the "o r ig in a l fe a r problem."
Another s itu a tio n  which might a r is e , Is th a t o f an e x is tin g  p lan t 
provid ing more treatment than what 1s necessary under the " fe a r" 
minimum treatm ent p o lic y . In th is  case, 1t 1s also c lea r th a t the
78
management board should seek a treatment p o licy  th a t takes f u l l  
advantage o f the ex tra  treatment provided by the already e x is tin g  
p lan ts . I t  may be th a t downstream users can get away w ith  even less 
treatment due to  the overtreatment o f an upstream user.
In genera l, the problem under consideration In  th is  chapter, is  
th a t o f determ ining the va ria tio n s  1n treatment cos t, o f the remaining 
users, due to the a r b i t r a r i ly  f ix e d  treatment le ve ls  o f one o r more 
users. In sho rt, what 1s the cost to  downstream users, due to  upstream 
user's  actions? Im p lic it  1n the question, 1s the cond ition  th a t the 
board w i l l  always seek to  minimize the o ve ra ll treatment cos t, w ithou t 
v io la t in g  any o f the stream standards.
To th is  end one defines the m atrix  DV w ith  p rows and m columns, 
where p 1s the number o f defined reaches on the stream and m 1s the 
number o f d if fe re n t  p o llu ta n ts  being discharged In to  the stream. This 
m atrix  1s used to  s to re  the I n i t ia l  treatm ent le ve ls  and there fore  
the fixe d  treatment le ve ls . In example problem 2 o f chapter V I, DV (5,1) 
contains the treatment le ve l provided to  temperature p o llu t io n  1n reach
5. DV (5 ,1 ) = 0 Ind icates tha t no temperature treatment 1s provided 1n 
reach 5. DV (8 ,2 ) ■ 85 Ind icates th a t 85 percent BOD removal 1s provided 
In reach 8.
I t  1s c le a r th a t fo r  every reach the m atrix  DV provides storage 
space fo r  a l l  p o llu ta n ts  being discharged or n o t. In th a t reach.
7-2 Rebellious Reaches
As a f i r s t  example, suppose tha t the users in  reach 8 know an 
In f lu e n t ia l p o li t ic ia n  and decide to provide maximum primary treatment 
o n ly , as advised by a conservative and pleasing engineer.
From chapter V I , the management board knows th a t the users o f reach
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8 only need to  provide 33 and 17 percent removal fo r  temperature and 
organic p o llu t io n  resp ec tive ly .
The accommodating engineer 1s 1n fa c t  advising overtreatment fo r  
reach B, Instead o f undertreatment as he thought. The board would then 
propose to  accept th e ir  d o lla r  co n tr ib u tio n  a t a 35 percent treatment 
leve l and advise them to  provide on ly 33 and 17 percent. The remaining 
d o lla rs  being used 1n other regional treatment p lan ts . In th is  way the 
ove ra ll treatment cost would s t i l l  be the optimal but the d is tr ib u t io n  
o f costs v o lu n ta r ily  overcharged to  the users o f reach 8.
Suppose now th a t the users o f reach 8 refuse to  con tribu te  the 
equiva lent cost o f 35 percent treatm ent, and In s is t  on b u ild in g  th e ir  
treatment p lan t a t those le v e ls . Then the management board must seek
the use o f th is  overtreatment and ca lcu la te  what e f fe c t .  1 f any, 1 t has
on the treatment costs o f the remaining users.
Having fix e d  two o f the decision va ria b le s , there remain 14 Inde­
pendent va riab les  to  c o n tro l. The vecto r D 1s then a 14 dimensional 
a rray. The numeration o f the decision variab les o f f ig u re  VI-1 1s 
modified by e lim in a tin g  the variab les o f reach 8 and continu ing the 
sequential numeration 1n reach 10 w ith  D^(9), Dg(10) e tc . That Is ,  the
numeration uses the same sequence but w ithout Inc lud ing the variab les
1n reach 8.
The m atrix  LOGON now becomes
0 2 3 5 0 0 8 0 0  9 0 0  12 0 14 T
LOGON *
1 0 4 6 0 7 0 0 0  10 11 0 13 0 0
the m atrix  DV 1s
DV
85 0 85 85 0 85 0 35 0 85 85 0
0 85 85 85 0 0 85 35 0 85 0 0
and the I n i t ia l  po in t Is
D = (85, 85, 85)T , w ith
TC = $3,168,040,000 ( In fe a s ib le ) .
Note, th a t 1n the m atrix  L0C0N the p o s itio n  o f the decisions o f 
reach 8, In the decis ion vector 0, are now zero, In d ica tin g  tha t these 
components no longer belong to  the set o f Independent va riab les .
The model found the fo llo w in g  s ta tio n a ry  po in t 1n 11 I te ra t io n s ,
D - (86, 17, 15, 10, 73, 0, 3, 10, 35, 35, 72, 20, 2, 24, 0, 62), 
w ith
TC -  $4,023,500.
As was expected, th is  p o lic y  1s more co s tly  than the " f a i r  p o lic y " 
obtained 1n chapter VI. Note th a t advantage o f the overtreatment a t 
reach 8, Is  taken upstream as w e ll as downstream o f  the reach, th a t 1s 
more stream standard 1s a lloca ted  a t both ends o f the re b e llio u s  reach.
How Is one to  ob ta in  the e ffe c t on downstream users only? The 
answer 1s sim ple, by f ix in g  a l l  upstream decisions and a llow  only 
downstream decisions to  vary. To th is  end, consider now th a t the users 
o f reach 4 have been Introduced to th is  a l l  mighty p o l i t ic ia n ,  and 
s ta r t  behaving 1n an even more Irrespons ib le  manner than the users o f 
reach 8.
Namely, user 5 ( In  the decis ion vec to r) decides to remove on ly  50 
percent o f h is  heat p o llu t io n , and user 6 decides to  change his 
in d u s tr ia l process, w ithou t n o t i f ic a t io n ,  and 1s now producing tw ice as 
much organic p o llu t io n . User 5 1s prov id ing  undertreatment and user 
6 Is discharging more organic m atter than what he reported to  the
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regional management board. They are both 1n fa c t ,  charging th e ir  
p o llu t io n  to  downstream users by consuming e a rly  1n the stream, the 
a va ila b le  oxygen and temperature to  be a llo ca ted .
N a tu ra lly  users in  reach 8 are s t i l l  "doing th e ir  th in g " and the 
question 1s, what Is the e f fe c t on downstream users on ly .
The treatment vector D in  I ts  16 components 1s 
D = (86, 17, 15, 10, 50, 0, x , x, 35, 35, x , x , x, x , x, x ) ,  
where a x marks a va ria b le  to  con tro l and a number marks a constant 
treatm ent.
The d im ensiona lity  o f  the problem Is then reduced to  8 Independent 
va riab les .
The m atrix  L0C0N becomes
[0 0 0 0 0 0 2 0 0 3 0 0 6 0  0 0 0 0 0 1  0 0 0 4 5 0 7 0
the m atrix  DV becomes
[ 0 17 15 50 0 0 85 35 0 85 0
86 0 10 0 0 85 0 85 0 85 85
0 85 0 85 |T
0 85 0 ol ,
and the BOD concentration a t reach 4 Is doubled. S ta rtin g  a t the 
I n i t ia l  po in t
D -  (85, 85, . . . ,  85 ), w ith
TC - $  76768 x 107 (In fe a s ib le )
the a lgorithm  converged 1n 11 Ite ra tio n s  to
D -  (86, 17, 15, 10, 50, 0, 100, 81, 35, 35. 88, 100, 100, 54,
95, 56),
TC -  $10,397,700.
The above to ta l cost does not Include the penalty cost Incurred In 
reaches 4, 6, 10 and 11. The to ta l annual cost 1s o f the order o f ten 
m illio n s  o f d o lla rs  and s t i l l  the standards on the lower reaches are 
v io la te d  due to the w ild  behavior o f the users 1n reach 4. Since the 
so lu tio n  1s in fe a s ib le , stream q u a lity  standards are v io la te d , the 
regional management board can fo rce  the obedience o f the law and demand 
from the users in  reach 4 s u f f ic ie n t  treatment so as to  stop the v io la ­
tio n  o f the standards.
Downstream users would pay $6,374,200 because o f the Irrespons ib le  
actions o f the users o f reach 4. Moreover, despite th is  extra cost the 
stream cannot s a t is fy  the standards set by the s ta te . The actions o f 
reach 4 not only p o llu te  th e ir  reach but also p o llu te  some downstream 
reaches despite a l l  th e ir  treatment e f fo r ts .
The management board, 1n a s p i r i t  o f f a i r  d is tr ib u t io n  o f costs , 
decides to inves tig a te  1f the nonrebel 11ous upstream users can help 1n 
a lle v ia t in g  downstream users o f the burden placed on them by the 
p o l i t ic a l muscle o f the users 1n reaches 4 and 8. The treatment vector 
w i l l  then be modified to
D . ( x ,  x , x , x , 50, 0, x , x , 35, 35, x , x , x , x , x, x ) , 
and the problem has now 12 Independent va riab les .
L0C0N and DV are modified to
[0 2 3 0 0 0 6 0 0 7 0 0  10 0 12~1T1 0 4 0 0 5 0 0 0 8 9 0 1 1  0 0 1 ,
and
[ 0 85 85 50 0 0 85 0 35 85 0 0 85 0 85~1 T85 0 85 0 0 85 0 0 35 85 85 0 85 0 O l .
The model s ta rted  a t
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D = (85, 85............ 85 ), w ith
TC = $6319 x 108 ( In fe a s ib le ) ,
and converged 1n 14 Ite ra tio n s  to
D = (100, 46, 65, 100, 50, 0, 100, 63, 35, 35, 95, 85, 88, 51, 
78. 79),
TC = $13,010,200.
This so lu tio n  v io la te s  the standards set on temperature and organic 
p o llu tio n  1n reaches 4 and 6. The cost to  the remaining users 1s 
extremely high and can be ca lcu la ted by simple sub traction  from th e ir  
respective " f a i r "  optimal treatment costs. In th is  case lega l action 
w i l l  be taken, since the standards are being v io la te d , and the users o f 
reach 4 w i l l  be forced to  provide the required treatment. Using the 
new p o llu t io n  data o f user 6 and the model, a " fe a r"  optimal so lu tio n  Is 
found to be
D -  (86, 15, 16, 0, 72, 38, 59, 10, 16, 11, 74, 37, 20, 30, 9, 
62),
and
TC = $4,219,000.
7-3 Closing Conments
I t  1s c lea r th a t varied s itu a tio n s  o f reach stubbornness can be 
analyzed by the model and the consequences on the remaining users 'u l l y  
understood.
Another a n a ly tic a l property o f the model comes In to  being when the 
f in a l bids on the treatment p lants are received. One can then In v e s ti­
gate the d if fe re n t  combinations o f  proposals and come out w ith  the most 
economical.
The mult1d1mens1onal1ty o f the model 1s p e rfe c tly  general and can
be extended to  include as many po llu ta n ts  as physical re la tionsh ips  
are ava ilab le .
The Important question o f the economical e f fe c t on downstream 
users due to upstream p o llu t io n  can be f u l l y  explored. I t  1s worth­
w hile  to  mention th a t th is  question had not been answered by previous 
op tim iza tion  models, less 1n a complete general geometry o f a stream.
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CHAPTER V II I  
CONCLUSIONS AND RECOMMENDATIONS
8-1 Basic Assumptions and L im ita tions
Before convnentlng on the re s u lts  o f th is  study 1t seems use­
fu l to re c a ll the major assumptions made 1n the construction  o f the 
mathematical model, and to  po in t out the lim ita t io n s  o f the study.
1. The m ultid im ensional1 ty o f the study was reduced to  the 
considera tion o f the two p o llu ta n ts  the behavior o f 
which 1s known best, namely heat and organic p o llu t io n .
2. Due to  budgetary considerations the model was tested in  
a hypothetica l example.
3. For the sake o f s im p lic ity  only treatment costs o f  waste 
dischargers were considered and no considera tion o f the 
treatment cost necessary fo r  urban use was made.
4. The physical behavior o f  organic p o llu t io n  was described 
by Llebmann's m o d ifica tio n  o f the S treeter-Phelps 
equations.
5. The physical behavior o f heat d is s ip a tio n  1n the stream
was described by the re la t io n  developed by Goubet.
6. The damage Incurred by soc ie ty  was set a rb lt ra re ly  high
when v io la t in g  a standard, and to le ra b le  when not.
7. The study*5 o b je c tive  was to  minimize the treatment costs
w ithou t v io la t in g  the standards.
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8. The model was developed to  handle any r iv e r  geometry, 
thus being a re a lly  general model.
9. For both p o llu ta n ts  In s ta n t m ixture o f the user's  and 
stream's water was assumed. A more exact reproduction
o f rea l l i f e  Involves the development o f d iffu s io n  models 
fo r  each waste water d ischarger. However, Ins tan t 
m ixture Involves more unfavorable cond itions than the 
rea l l i f e  d if fu s io n . Moreover, in  general, the d iffu s io n  
process 1s re la t iv e ly  a po in t process when compared w ith  
the distances Involved.
10. One serious l im ita t io n  o f water resources op tim iza tion  
problems 1s the fa c t th a t stream flow  measurements may 
include e rro rs  up to  10 percent o f the reading. The 
selected design period may then Include such e rro rs  and 
a ffe c t the accuracy o f the answers.
11. A more serious l im ita t io n  Is th a t o f  p re d ic tio n . Careful 
stud ies must be ca rried  out to  be able to  p re d ic t the 
in d u s tr ia l development o f  the stream, the p o llu tio n  con­
cen tra tio n  o f  the users, the fu tu re  values o f the streams 
physical c h a ra c te r is tic s , and the con s tru c tio n , mainten­
ance and finance costs. Only a well funded long range 
research p ro je c t can produce these types o f da ta, tak ing 
several man-years to  produce them.
12. The study o f  the theory as w e ll as the example 
problem was lim ite d  to  the study o f  the d e te rm in is tic  
case. No consideration o f the stochastic  case was made.
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8-2 Conclusions and Recommendations.
1. Because 1t seems desirab le  to  have some kind o f ra tio n a l 
backing every po licy  one takes* a minimum p o licy  
seeking a lgorithm  Is always pre ferab le to  a r b i t r a r i ly  
set p o lic ie s .
2. No matter what op tim iza tion  a lgorithm  1s adopted, the 
costs functions are estimated w ith  the same standardized 
procedures. I t  Is the re fo re  useful to  remember tha t 
these estimated costs do not represent f in a l bid re su lts  
nor f in a l operating costs, and hence the adopted optimal 
p o lic ie s  also represent estimates. This means th a t an 
e rro r  o f 5 percent or up to  10 percent should not be 
su rp ris in g * and the re fore  a margin o f sa fe ty  should be 
accounted fo r .  F it t in g  o f quadratic hypersurfaces about 
s ta tio n a ry  po in ts does not seem to  be worth the tro u b le .
I t  seems* then, resonable to  conclude th a t the accuracy 
o f the answers 1s not worth pressing beyond 5 percent.
3. The a v a i la b i l i t y  o f a m ultidimensional op tim iza tion  model 
promises to  open a new approach to  water resources stud ies* 
au tom atica lly  In te n s ify in g  the study o f the behavior o f 
o ther p o llu ta n ts  1n the n a tio n ’ s streams. The physical 
behavior o f  a l l  p o llu ta n ts  w i l l  be under c lose r study 
knowing th a t there are ways o f f in d in g  the o ve ra ll minimum 
treatment cost.
4. A reasonable research piece can be developed from the 
study o f the convexity  o f the fe a s ib le  region defined by 
the organic and temperature cons tra in ts  o f th is  study.
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To fin d  out 1 f the fe a s ib le  region 1s convex Is not a 
s tra ig h t forward problem since upstream decisions a ffe c t 
the shape o f the fe a s ib le  region.
5. Development o f a general d if fu s io n  model fo r  temperature 
and fo r  organic p o llu t io n  may be worthwhile studying. 
Although boundary conditions fo r  d if fe re n t  waste water 
dischargers w i l l  not be Id e n tic a l*  i t  seems useful to  
have a general approach to the so lu tio n  o f such problems.
6. The extension o f  the model developed 1n th is  study to  the 
stochastic  environment seems reasonable.
7. The development o f  th is  general d e te rm in is tic  computer
program, usable in  a l l  streams and w ith  as many p o llu ta n ts
as necessary, provides not on ly a new analysis too l but
a new design too l as w e ll. The decision maker can now 
determine the cheapest a lte rn a tiv e  1n a m ultidimensional 
stream q u a lity  problem w ith  an Inexpensive and simple to  
use program.
8. Inc lus ion  o f water treatment before use would fu r th e r  
generalize the model.
9. F in a lly ,  th is  study shows th a t m ultidimensional water 
d u a lity  management p ro jects  are solvable real l i f e  prob­
lems, provided s u f f ic ie n t  financ ing  and manpower are a v a il­
able to  obta in  the necessary input data.
10. Powell's technique provides a too l fo r  handling nonlinear
nonconvex m ultidimensional cost func tions . Several add i­
tio n a l p o llu ta n ts  can be handled by the model before run­
ning out o f machine memory. In Dynamic Programming a model
using 100 d is c re tiz a tio n  leve ls  in  the s ta te  variab les 
would need
2
fo r  two s ta te  variab les 100 storage lo ca tio n s ,
3
fo r  3 s ta te  variab les 100 storage loca tions.
In s h o rt, w ith  fo u r s ta te  variab les the number o f d is ­
c re t iz a t io n  le ve ls  would have to  be reduced to 50 or 
le ss , a ffe c tin g  the accuracy o f the answers, and there­
fore l im it in g  se rious ly  the a p p lica tio n  and g e n e ra lity  
o f the model. Powell's technique, on the other hand, 
trades time fo r  memory, being thus v ir tu a l ly  able to 
handle any number o f p o llu ta n ts . What 1s more impor­
ta n t, the 48 K bytes o f memory required by the program 
shown In appendix 0, makes 1t usable In v i r tu a l ly  any 
computer having a Fortran IV com piler. As fa r  as time 
1s concerned, an average o f 4 minutes were used to  f in d  
a re la t iv e  minimum. This time can be reduced to about 
30% by req u irin g  a sm aller number o f s ig n if ic a n t 
fig u re s  1n the answers. This 1s true  since a fte r  about 
7 ite ra tio n s  the re la t iv e  minimum was always located, 
the re s t o f the Ite ra tio n s  being refinements on the 
s ig n if ic a n t f ig u re s . The fa c t th a t the model needs 20 
o r more Ite ra tio n s  to  s a t is fy  the required accuracy 
means th a t the neighborhood around the re la t iv e  minimum 
Is very f l a t  and cons titu tes  a check on the fa c t tha t 
the grad ien t 1s zero a t the re la t iv e  minimum.
As shown 1n chapter V II ,  the model co n s titu te s  a superb 
design to o l. The cost to  downstream users due to  the 
actions taken by upstream users is  e a s ily  obtained,
g iv ing  a regional management board great f l e x ib i l i t y  In 
th e ir  honest e f fo r ts  to obtain a f a i r  d is tr ib u t io n  o f 
costs.
The modular construction  o f the computer model permits 
an easy In te g ra tio n  w ith more p o llu ta n ts , than those 
stud ied, since th e ir  physical behavior can be simply 
Incorporated 1n the form o f subroutines.
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APPENDIX A
A-l Oxygen Sag Curve:
From hypothesis
a r  *  -  *> '- ............................................................................................ ( A - 1 )
and ■ - K2D + KjL. ..........................................................................(A-2)
From * K id t 1 t fo llow s LnL * - Kxt+C.
-  Kjt+C  ^
t  = o,L(o) -  L j -  e'
o r L ( t)  -  e
but fo r  A _ * * ‘ " '  -  * C
therefore  L ( t)  ■ Lje ~k l * .....................................................................................(A-3)
s u b s titu tin g  (a - 3) In (A-2) obtain
^  + K2 D -  Kj L j e_ k lt * f ( t )  .
Now le t  f ( t )  -  J k*d t -  ek 2 t , then K2 «
there fore  D ■ f ( t )
or g H  + g'D -  g f .
co n se q u e n tly^  [9  0 ] ■ g f *
g D -  J g  f  d t + C
or > 2 t D ( t )
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k2t  k i  Lj « ' k l t  d t  + C
s r i r  lj , 0 ' 2' k l ) t  + c '
(A-4)
For t -0  , D(O) -  Dj .  L j + C ,
DJ - k2 j
S u b s titu tin g  (A-5) In to  (A-4) obtain
k i
D (t)  < t p r r  LJ e ' k l t  *  DJ e ' M  -
V
or
ki
D(t) " V2-VT e
- k i t  _ -k 2t L. + D. e-k 2t
or
then
L j M j  ( - k , + | c . ) t  M k s - M D j  ( - k , + k , ) t  
t p T "  «  LJ kj “ e
k2
| k 2 r  (k2- k i ) 0 .
( k j - k j t  ■ in J,^- [1  k jL j
k2 f  ^ 2 -^ )0 , .
*T  L1 '  k»Lj^ I n  “  k2- k i
(A-5)
’ j  “ j
To obta in the time o f minimum DO consider
D ( t ) - T ^ * r  l « ' k l t - e ' M l Lj  +  0 j e ' M .
and because m1n Do and Max D occur a t the same t
* * “ • a r ’ n S r  [ ‘ k ie ‘ k l t  + k2e’ k2^  ' k 2  DJ e' k2‘ ' 0 •
there fore  L j k ^ e  * 2t - k2Dj (k 2- k i)  e k2* -  L jK jk 2e k l t
(A-6)
1 ,
(A—7)
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Now dOat + M  -  - ^ 7  [ ' k ‘ e" k l t  *  k2*’ k2 t]  ■ k2°J
-k 2t
e
♦ - S r 1-  I e ' k , t  ■ e’ k 2 t l + ° i  e' k2 t k2 •
or
dD *"ik l ^ 2 *^ 1 )  t
* * w , J w r  6 1
* * * dD ,  ^But at t  = t min. ^  -  o
Hence» k l Lj  - k l t m1nil  PD -  — r— “ ■ e max k
A-2 Oxygen sag w ith  Llebman's m o d ific a tio n .
From *  “ k lL  ^ a l n  L ( t )  a L j i*11* ..................
In  ^  - m ”  k iL  “ * 2° s u b s titu te  (A-9) and
rearrange terms to  obta in
dO . k
a t + k2D ■ kxLj e "k l t  + m .
Let ek2t be the in te g ra tio n  fa c to r ,  then
d t + c .ekz t D -  y *e kzt [KjLj e 'k l t  +
mf  [ k lL j  e ^ 2" k lJ t  + n»k 2 tj  d t + c ,
and In te g ra tin g
ek 2t  D „  L j . ( k a - k ^ t  + ^  ek2t  + c
(A-8)
(A-9)
(A-10)
kiL .
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For
from which C » Dj — ^ ^ i
l j  ‘ t r 1
( A - l l )
s u b s titu tin g  ( A - l l )  In to  (A-10) and so lv ing  fo r  D (t) obtain
-ki t
D ( t )  m ~ ^ r L i e + F 7  + ° j e
-k?t ki
k2~ki
-k2t  
e m
'  v;
-k2t
e
or D(t) ■ eiVlj Ie 1 *e 2 1 + lDj ■ tr)
-k 2t . m 
+
(A-12)
The po in t o f maximum oxygen d e f ic i t  Dmax Is again the po in t where 
the slope o f D 1s zero, then
i v f “ k i t  -k 2t j  -k 2t
d D . LX l _  I  - k ie  + k2e ] -k 2[oJ -  ? - ]  e -  0. . . (A-13)
d t k 2-k j
2 - k i t
or L jk x e -  [ Lj k i k2 - (k 2- k x) D jk2 + m (k2-k A)] e 
(k2- k i ) t  k2 (k2-k i )k 20. i»(k2-k1)
e * t T  ^ ' Lj  k‘ *  ' L j  k'i7 " '  ’
m
- u p r 1
k2t
k2 T (k 2-k i)D . + m
ST fc«L/ -
f i n a l l y ,
max “  ~T
i ( k2 I (kz -kJO , + m
k r l n | IT — -  m__ETT7 {A—14)
The oxygen d e f ic i t  fo r  th is  po in t Is  ca lcu la ted  as before , namely
+ m
•  >■ h  - & ] ■
Li kj r  - k i t  -k2t l  _ _ _ -k2t
+ "ief-tr L-ki* + M J * 1,2 [dj * tr] • •
or k2D + dO
k i(k 2 “ k i ) 
k2-k i
- k i t
L j e + m .
97
But # t  1 ■ ‘ max 3 T  " 0  •
then D( W  -  g -  l/ 1* *  ♦ { j  1   (A‘ ,5)
fro n  which D O f t ^ )  -  W S C t^ )  - 0 ( 1 ^ )  .
When the dissolved oxygen sa tu ra tion  concentration 1s constant 1n a 
reach, then
D (t) -  DOS -  D0(t) .
and ^  » th a t 1s
* 0 when ^  *  0 and both the Dmax and D0m1n occur a t the same
time t  . . But when DOS Is a fun c tion  o f  time th is  1s no longer truemi n
fo r  then
D (t) = DOS(t) - D0(t) -  DOSj + mt - DO(t) .
dD _ _ dDO . 
and S t  3 F "  *
so th a t when ^  ■ 0, then ^  « m . which checks w ith  the In tu i t iv e  graph 
o f Figure I I - 4 .  Also when
dDO n dD ,  _* 0, then ■ m .
This Is a c tu a lly  the on ly po in t o f  In te re s t since one seeks the time t   ^
a t which the dissolved oxygen 1s minimum ^ ^  * 0^.
This po in t 1s obtained by so lv ing
dD „  
St
L. ki f  - k 2t  - k i t  r  n - k 2t
5 ^ -  -  M  -  k2 [° J  '  t l ]  •  *  "  (A‘ 16)
Equation {A-16) is  nonlinear 1n t ,  since the r ig h t  hand side 
1s nonzero. Solutions to  (A-16) are obtained through a Tay lo r series 
expans 1 on.
Let t  j be the po in t o f minimum 00* then I f  t  Is  a known p o in t mm
define At such th a t
t  + At “  ^ I n  • 
then a Taylor series expansion o f D (t) about t  gives
D(tmin) = D (t + At) -  O ft) + D '( t )  At + D " ( t )  + D— ( t )  + . . .
2
and + ^  At + . (A-17)
but  0 ■ a t  ( t " 1n> ■ m •
and i f  1 ■ W  then D' ( t ) "  D' ( W  ■ 0 ■
S u b s titu tio n  In to  (A-17) y ie ld s  
D ' " ( t  )
 2 ™ax (A t)2 + 0 " ( t lnax) At -  m = 0 . (A-18)
Solving (A-18) one obtains
1  [/(D -',- D "  + V ( V "  ) 2 + 2m D " '  , .  , nV**. _ max — r v max' max . (A-19)At *  — --------------------- KT77-------------------------------------
max 
Now
max ,
Dmax ■ S i  I k> ;k ‘ tm,X * k2‘ maXI + H i  '  * ]  ^
-  0« ;  ■ S r  [ & k2tm “  -  k > * k , H  ■ k*  t kaDj  -  ■ ]  ‘ k l tm4x  •
but from equation (A-13)
[ h d j  -  m] ; k2 t- « .  [ k 2; k2t* «  - m  H .
s u b s titu tin g  In to  O '' and obtainmax max
2 • k l t max
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d -  -  k j (k ,  ♦ L j ; k iV
Since a l l  terms In these expressions are non-negative, 1t  1s seen th a t
Dmav < 0 and i  ° -ax — max
When m - 0 (DOS ( t )  -  constant) t max * t ^ n and the re fore  a t *  0,
means th a t the sign o f the rad ica l 1n equation (A-19) Is  minus.
Therefore, At - D "  - V ( D "  ) 2 + 2m D—  (A-20)— “  f 1 maxv________max . '  'max
+ + + 
^max
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APPENDIX B
B-l Organic Waste Treatment
There are many d if fe re n t  ways to  tre a t sewage; they are 
commonly c la s s if ie d  as prim ary, secondary and te r t ia r y  processes.
Primary treatment cons is t in  the separation o f pa rt o f the 
suspended so lid s  from sewage. This 1s normally achieved by screening 
and sedimentation 1n s e t t l in g  ponds. The separated so lid s  are con­
veyed to  a tank where they are decomposed by b a c te ria l a c tio n , and 
the liq u id  e ff lu e n t o rd in a r ily  contains considerable amounts o f organic 
m ateria l and a re la t iv e ly  high biochemical oxygen demand (BOD).
Secondary treatment merely oxidates the e ff lu e n t from a p r i ­
mary treatment process. I t  1s usua lly  accomplished through b io lo g ica l 
processes using f i l t e r s ,  ae ra tio n , ox ida tion  ponds, e tc . The e ff lu e n t 
from secondary treatment probably has l i t t l e  oxygen demand and may even 
contain some dissolved oxygen (00).
T e rtia ry  treatment removes the c a p a b ility  o f secondary p o llu ­
t io n , such as aquatic growths, by passing the e ff lu e n t from secondary 
treatment through a chemical and/or f i l t r a t io n  process.
V a ria tio n  o f the treatment in te n s ity  and method permits a 
con tro l on the amount o f  BOD removed. Primary treatment ranges upwards 
to  85 percent and w ith  te r t ia r y  treatment the range 1s Increased to  100 
percent BOD removal.
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Curves g iv in g  the annual cost o f  BOD removal fo r  d if fe re n t  
percentages can be obtained by c a lcu la tin g  the annual cost o f BOD 
removal fo r  a few selected po ints and then f i t t i n g  a curve through 
these p o in ts . In th is  in ve s tig a tio n  the cost curves were obtained by 
f i t t i n g  a smooth curve by hand.
The treatment costs adopted were ca lcu la ted  by Llebmann (1965), 
using a period o f 20 years and an in te re s t ra te  o f 4%. From th is ,co s t 
data tab les B-l fo r  use r's  3, 4, 6, 7, 10, 12, 13 and 15 were con­
s tructed .
B-2 Heat Waste Treatment
The energy o f fo s s il fue l p lants comes 1n the f i r s t  place In 
the form o f so la r energy which 1s then fixe d  by photosynthesis. Waste 
heat produced by generating power p lants 1s disposed o f through coo ling 
water. This water 1s discharged In to  streams where the heat 1s d is ­
sipated by surface ra d ia tio n  to  the next heat s in k , the atmosphere.
The u ltim a te  energy s ink Is  space I t s e l f  where long wave ra d ia tio n  sends 
the energy.
The Immediate problem 1s the reduction o f  waste heat discharges 
In to  streams, because the re la t iv e ly  small s ize  o f these Interm ediate 
heat sinks cannot absorb a l l  waste heat w ithou t jeopard iz ing  the aquatic 
l i f e  1n the stream.
Cooling can be accomplished by s to rin g  the warm water In  a 
pond u n t i l  I t  coo ls. While th is  technique 1s e f fe c t iv e , I t  Is land 
expensive 1n In d u s tr ia l lo ca tio n s , and the re fo re  not w ide ly used (Berg, 
e t a l ,  1969). The most common coo ling devices are the so ca lle d  coo l­
ing towers, where water 1s cooled by evaporation.
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While one Btu o f heat Is  required to  ra ise  a pound o f water 
1°F, water requires 1000 Btu o f  heat per pound In passing from the 
liq u id  to  gaseous s ta te . This tremendous amount o f energy needed fo r  
evaporation 1s drawn from the surrounding w ater, 1e ., vaporiza tion o f 
one pound o f water would cool 100 pounds by 10°F (Maze, 1967).
Cooling towers operate by blowing a i r  up through a descending 
spray or ra in  o f warm w ater, evaporating a small po rtion  o f the water 
and lowering the temperature o f  the remainder. The lower l im i t  o f the 
temperature In th is  process Is the wet-bulb temperature (Maze, 1967).
The wet bulb temperature o f the a i r  in  the neighborhood o f 
a p lan t 1s the temperature to  which a th in  f i lm  o f water can be cooled 
by contact w ith  a i r  o f  a p a r t ic u la r  temperature and hum idity. The wet 
bulb temperature Is always less than the a i r  temperature (d ry  bulb 
temperature). The d iffe re n ce  being g rea te r the dryer the a i r .  The 
a i r 's  a b i l i t y  to  absorb water 1s a fun c tion  o f the amount o f vapor i t  
already contains ( re la t iv e  hum id ity) and the maximum 1t can hold (Berg, 
e t a l , 1964).
The sm aller the temperature d iffe re n ce  between the coolant 
and the cooled substance (Approach) the more c a p ita l must be Invested 
to achieve the coo ling . S im ila r ly  the greate r the temperature d i f ­
ference between the en tering warm water and the cooled water (Range) 
the la rg e r must be the coo ling tower (Maze, 1967).
Warm water must be pumped to  the top o f the tower so th a t I t  
t r ic k le s  down through a cu rre n t o f  n a tu ra lly  o r fan blown a ir .  The 
pumps and fans requ ire  power, the s tru c tu re  requires maintenance, and 
the cost o f construc tion  must be reimbursed w ith  a re tu rn  on the c a p ita l.
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Since water 1s evaporated as pa rt o f the process 1t must be 
replaced In recyc ling  systems. Moreover, evaporation concentrates the 
Im pu rities  th a t may corrode the system, and some form o f treatment Is  
usua lly  necessary. The decision to  recycle requires a ca re fu l balance 
o f costs and gains against once through systems which may prove more 
economical.
The use o f coo ling towers reduces the heat load placed on a 
stream and reduces the water discharge by only 1 percent 1n a 10°F 
temperature drop and 2 percent 1n a 20°F temperature drop which 1s a 
n e g lig ib le  amount In a once through system.
To ca lcu la te  the treatment costs fo r  the waste heat d is ­
charges o f the example problem under study, a procedure presented by 
Berg e t a l (1964) was used. To th is  end define
NT: Natural temperature
EQT: E qu ilib rium  temperature
HL: Heat load
CUT: Cold water temperature
HUT: Hot water temperature
WBT: Met bulb temperature
R: Range ■ HWT - CWT 
A: Approach * CWT - WBT 
RRF: R e la tive ra tin g  fa c to r
For a fix e d  WBT and CWT Increments o f HWT change the cooling 
tower size neg leg lb ly  (Maze, 1967), on the other hand fo r  f ixe d  WBT and 
HWT changes 1n CWT a ffe c t the coo ling tower s ize considerably.
The annual coo ling costs fo r  each user were ca lcu la ted  as
fo llo w s :
F ir s t ,  the cost o f  a 10,000 gpm -  6 mgd coo ling tower fo r  
fixe d  WBT and HWT and va riab le  CWT was ca lcu la ted  using the procedure 
given by Berg, Lane and Larsen, (1964). A 10 hour day, 5 day week,
50 week year was adopted together w ith  the fo llo w in g  power costs:
f i r s t  35 kw-hr 3.54 each
second 65 kw-hr 2.44 each
next 100 kw-hr 1.64 each
extra  kw-hr 1 4
Also maintenance cost were taken to  equal power co s t, Insurance e t al
to  equal 10 percent o f the I n i t ia l  cos t, n ■ 20 years, and In te re s t
ra te  o f 4 percent.
Next, from the users discharge volume and coo ling tower data
a tab le  conta in ing several annual costs vs percent o f  temperature
removal was constructed. The re s u ltin g  cost tab les fo r  use r's  1, 2 ,
5, 8 , 9, 11, 14 and 16 are shown In tab le  B - l .
TABLE B-l 
TREATMENT COST FUNCTIONS
I N P U T  CO ST  F U N C T I O N . *  ACh  COLUMN CORRESPONDS T O  THECOST OF USER J  
COST G I V E N  I N  HUNOREDS CF DOLLARS
D 1 2 3 4 5 6 7 6 9 10 11 1 2 13 1 4 1 5 1 6
2 m o 1 6 2 4  8 0 C SCO 4 4 0 2 5 2SC 3 6 0 0 3 0 0 0 2 4 0 2 4 5 5 9 0 2 3 0
A 3 2 0 2 5 C 7 0 0 C 4 9 0 5 4 0 4C 3 8 0 5 2 0 0 4 1 9 0 4 8 0 3 3 5 1 0 8 0 3 3 0
6 4 8 0 3 4 0 9 5 0 0 6 F 3 5 9 0 5 5 4 9 0 6 8 0 0 5 4 5 0 6 6 0 4 4 0 1 6 2 0 4 2 0
8 6 2 0 4 3 S 1 2 0 0 c 8 5 0 7 4 0 6 6 6 0 0 8 6 0 0 6 7 0 0 8 3 0 5 5 0 2 2 5 0 S2C
I C 7 3 0 SAC 1 4 6 0 0 I OCS 98C 8 0 7 1 0 1 0 0 0 0 6 0 0 0 9 9 0 6 7 0 2 9 5 0 6 1 0
1 2 8 3 6 6 5 0 1 7 0 0 1 6 5 0 1 1 2 0 9 4 4 9 3 6 2 0 1 2 0 0 0 9 5 0 0 1 1 3 0 8 2 0 3 6 0 0 7 0 0
I * 9 4 0 7 6 0 I 9 6 0 2 0 6 0 1 3 2 0 1 0 0 8 1 0 5 9 5 0 1 3 5 0 0 1 1 0 0 0 1 3 0 0 9 4 0 4 1 5 0 7 9 0
1 6 I 0 4 C 8 7 0 2 2 4 0 2 4 SC tSGO 1 0 7 2 1 2 0 1 0 7 0 1 4 9 0 0 1 2 5 0 0 1 4 4 0 1 0 3 0 4 6 5 0 8 6 0
1 8 1 1 5 0 9 7 0 2 4 8 0 2 8 C 0 1 6 7 0 11 3 6 1 3 1 1 1 9 0 1 6 6 0 6 6 0 1 4 0 0 0 1 5 5 0 1 1 4 0 5 1 0 0 9 7 0
2 0 1 2 5 0 1 0 8 0 2 7 3 0 3 1 0 0 1 8 1 0 1 2 0 0 14 4 1 3 0 0 1 6 2 0 1 3 7 0 1 5 5 0 0 1 6 6 0 1 2 5 0 5 5 0 0 1 0 5 0
2 2 1 4 3 0 1 2 0 4 2 8 8 0 3 3 5 0 2 0 0 0 1 2 0 7 1 5 4 1 4 3 0 2 0 0 0 1 7 2 0 1 6 1 6 5 9 0 1 7 5 0 1 4 0 0 5 9 0 0 1 1 8 0
2 « 1 6 1 0 I  3 2 6 3 0 6 0 3 6  OC 2 1 8 0 1 2 1 4 1 6 7 1 5 6 0 2 2 0 0 2 0 5 0 2 0 8 6 7 5 0 1 8 4 0 1 5 5 0 6 2 0 0 1 3 1 0
2 6 1 7 9 0 1 4 5 2 3 2 4 0 3 8 5 0 2 3 7 0 1 2 2 1 1 6 0 1 6 9 0 2 4 0 0 2 2 2 0 2 3 5 4 9 7 0 1 9 0 0 1 7 0 0 6 5 0 0 1 4 4 0
2 8 1 9 7 0 1 5 7 6 3 4 2 0 4 0 5 0 2 5 5 0 1 2 2 8 1 8 8 1 8 2 0 2 5 8 0 2 3 0 0 2 6 2 2 1 1 8 0 1 9 4 0 1 6 5 0 6 8 0 0 1 5 7 0
SC 2 1 5 0 1 7 0 0 3 6 0 0 4 2 0 0 2 7 4 0 I 2 J 5 1 9 8 1 9 5 0 2 7 8 0 2 3 4 0 2 8 9 0 1 3 9 0 1 9 7 0 2 0 0 0 7 0 5 0 1 7 0 0
3 2 2 3 3 0 t 6 9 0 3 6 6 0 4 3  8 0 2 9 7 2 1 2 4 2 2 0 5 2 0 4 5 2 9 8 0 2 3 5 1 3 1 5 8 1 5 5 0 1 9 7 5 2 1 8 0 7 3 0 0 1 8 4 0
3 * 2 5 1 0 1 9 0 0 3 7 2 0 4 5 6 0 3 2 0 4 1 2 4 9 2 1 2 2 1 4 0 3 2 0 0 2 3 6 2 3 4 2 6 1 7 4 0 1 9 8 0 2 3 6 0 7 5 0 0 I 9 6 0
3 6 2 6  9 9 2 0 0 0 3 7 8 0 4 7 4  0 3 4 3 6 1 2 5 6 2 2 0 2 2 3 5 3 4 0 0 2 3 7 3 3 6 9 4 1 9 0 0 1 9 8 5 2 5 4 0 7 7 0 0 2 1 2 0
3 8 2 6 7 0 2 1 0 0 3 8 4 0 4 9 2 0 3 6 2 8 1 2 6 3 2 2 1 2 3 3 0 3 6 4 0 2 3 8 4 3 9 6 2 2 0 0 0 1 9 9 0 2 7 2 0 7 9 0 0 2 2 6 0
4 6 3 0 5 0 2 2 9 0 3 9 0 0 5 1 0 0 39CC 1 2 7 C 2 2 2 2 4 2 5 3 8 6 0 2 3 9 5 4 2 3 9 2 1 2 0 1 9 9 5 2 9 0 0 8 0 0 0 2 4 0 0
4 2 3 2 3 0 2 3 0 0 3 9 6 0 5 1 6 5 4 1 1 0 1 2 7 7 2 2 3 2 5 2 0 4 1 4 6 2 4 0 6 4 4 9 6 2 2 1 0 2 0 0 0 3 0 8 0 6 0 7 5 2 5 4 0
4 4 3 4 1 0 2 4 0  0 4 0 2 0 5 2  7 0 4 3 2 0 1 2 8 4 2 2 4 2 6 1 5 4 4 3 6 2 4 1 7 4 7 6 6 2 3 0 0 2 0 0 5 3 2 6 0 6 1 5 0 2 6 6 0
4 6 3 5 9 0 2 5 0 0 4 0 8 0 5 3 5 5 4 5 3 0 1 2 9 1 2 2 5 2 7 1 0 4 7 2 4 2 4 2 8 5 0 3 4 2 3 9 0 2 0 1 0 3 4 4 0 8 2 2 5 2 6 2 0
4 8 3 7 7 0 2 6 9 0 4 1 4 0 5 4 4 0 4 7 4 0 1 2 9 8 2 2 6 2 8 0 5 5 0 1 2 2 4 3 9 5 3 0 2 2 4 8 0 2 0 1 5 3 6 2 0 8 3 0 0 2 9 6 0
SO 3 9 5 0 2 7 0 0 4 2 9 0 5 5 2 5 4 9 5 0 1 3 0 5 2 2 7 2 9 0 0 5 3 0 0 2 4 5 0 5 5 7 0 2 5 7 0 2 0 2 0 3 8 0 0 8 3  7 5 3 1 0 0
S? 4 1 3 0 2 8 4 0 4 2 7 4 5 6 1 0 5 1 2 9 1 3 1 2 2 2 8 3 0 5 0 5 5 6 0 2 4 6 1 5 6 3 6 2 6 6 0 2 9 2 5 3 9 8 0 8 4 5 0 3 2 4 0
5 4 4 3 1 0 2 9 6 0 4 3 4 8 5 6 9 5 5 3 7 0 t 3 1 9 2 2 9 3 2 0 0 5 8 2 0 2 4 7 2 6 1 0 6 2 7 5 0 2 0 3 0 4 1 6 0 8 5 2 5 3 3 6 0
5 6 4 4 9 0 3 1 2 0 4 4  2  2 5 7 6 0 5 5 8 0 1 3 2 6 2 3 0 3 3 5 0 6 0 8 0 2 4 8 3 6 3 7 4 2 6 4 0 2 0 3 5 4 3 4 0 8 6 0 0 3 5 2 0
5 8 4 6 7 0 3 2 6 0 4  4 9 6 5 8 6 5 5 7 9 0 1 3 3 3 2 3 1 3 5 0 0 6 3 4 0 2 4 9 4 6 6 4 2 2 9 3 0 2 0 4 0 4 5 2 0 8 6 7 5 3 6 6 0
6 6 4 8 5 0 3 4 3 0 4 5 7 0 5 9 5 0 2 C 0 0 1 3 4 0 2 3 2 3 6 5 0 6 6 9 0 2 5 0 5 6 9 1 0 3 0 2 0 2 0 4 5 4 7 0 0 8 7 5 0 3 6 0 0
6 2 5 0 3 0 3 5 4  0 4 6 4 4 6 0 4 0 6 3 2 0 1 3 5 2 2 3 4 3 8 0 0 6 8 6 0 2 5 2 9 7 1 7 6 31 10 2 0 6 2 5 0 5 0 8 8 2 5 3 9 4 0
6 4 5 2 1 0 3 6 8 0 4 7 1 8 61 3 0 6 7 2  9 1 1 6 4 2 3 6 3 9 5 0 7 1 2 0 2 5 4  9 7 4 4 6 3 2 0 0 2 0 7 9 5 4 0 0 0 9 0 0 4 0 8 0
6 6 5 3 9 0 3 8 2 0 4  7 9 2 6 2 2 0 7 1 4 0 1 1 7 6 2 3 8 4 1 0 0 7 3 8 0 2 5 6 9 7 7 1 4 3 2 9 0 2 0 9 6 5 7 5 0 6 9 7 5 4 2 2 0
6 8 5 5 7 0 3 9 6 0 4 6 6 6 6 3 1 0 7 5 2 0 1 3 8 8 2 4 0 4 2 5 0 7 6 4 0 2 5 8 9 7 9 6 2 3 3 8 0 2 1 1 3 61 CO 9 0 5 0 4 3 6 0
TC 5 7 5 0 4 1 0 0 4 9 4 0 6 4  0 0 7 9 0 0 1 4 0 0 2 4 2 4 4 0 0 7 9 0 0 2 6 0 0 6 2 5 0 3 4 7 0 2 1 3 0 6 4 5 0 9 1 2 5 4 5 0 0
7 2 5 9 3 0 4 3 0 0 5 0 1 4 6 4  9C 8 2 8 0 1 4 2 0 2 5 0 4 6 2 0 8 1 6 0 2 6 6 9 8 5 1 6 3 5 6 0 2 1 6 4 6 8 C 0 9 2 0 0 4 6 4 0
7 4 6 1 1 0 4 5 0 0 5 0 5 8 6 5 8 0 8 6 6 0 1 4 4 0 2 5 8 4 8 4 0 8 4 2 0 2 7 2 0 8 7 8 6 3 6 5 0 2 1 9 6 7 1 5 0 9 2 7 5 4 7 6 0
7 6 6 2 9 0 4 7 0 0 5 1 6 2 6 6 7 0 9 0 4 0 1 4 6 0 2 6 6 5 0 6 0 0 6 8 0 2 7 8 0 9 0 5 4 3 7 4 0 2 2 3 2 7 5 0 0 9 3 5 0 4 0 2 0
7 8 6 4 7 0 4 9 0 0 5 2 3 6 6 7 6 C 9 4 2 C 1 4 8 0 2 7 4 5 2 8 0 6 9 4 0 2 8 4 0 9 3 2 2 3 6 3 0 2 2 6 6 7 6 5 0 9 4 2 5 5 0 6 0
SC 6 6 5 0 s i c o 5 3 1 0 6 8 5 0 9 8 0 0 1 5 0 0 2 6 2 5 5 0 0 9 2 0 0 2 9  CO 9 5 9 0 3 9 2 0 2 3 0 0 8 2 0 0 9 5 0 0 S 2 C 0
8 2 7 0 3 5 5 3 8 0 5 4 5 0 7 0 4  0 1 0 4  2 0 1 5 4 0 3 0 0 5 7 2 0 9 5 6 0 3 0 7 0 1 0 4 3 0 4 0 1 6 2 3 4  0 8 8 0 0 9 6 4 0 5 5 7 0
6 4 7 4 2 0 5 6 6 0 5 5 9 0 7 2 3 0 1 1 0 4 0 1 6 2 0 3 5 7 5 9 4 0 9 9 2 0 3 2 4 0 1 1 2 7 0 4 1 1 2 2 4 2 0 9 4 0 0 9 7 8 0 5 8 4 0
8 6 7 6 0 5 5 9 4 0 5 7 3 0 7 4 2 0 1 1 6 6 0 1 6 8 0 4 1 4 6 1 6 0 1 0 2 6 0 3 4 1 9 1 2 1 1 0 4 2 0 6 2 4 6 0 1 0 0 0 0 9 9 1 0 6 1 6 0
8 8 8 1 9 0 6 2 2 0 5 8 7 0 7 6 1 0 1 2 2 6 0 1 7 4 0 6 6 1 6 3 8 0 1 0 6 4 0 3 5 8 0 1 2 9 5 0 4 3 0 4 2 5 4 0 1 0 7 5 0 1 0 0 6 0 6 4 8 0
9 0 8 5 7 5 6 5 0 0 6 0 1 0 7 6 0 0 I 2 9 C G 1 8 0 0 9 0 8 6 6 0 0 1 1 0 0 0 3 7 5 0 1 3 7 9 0 4 4 0 0 2 6 0 0 1 1 5 0 0 1 0 2 0 0 6 8 0 0
9 2 6 9 6 0 6 9 4 0 6 2 5 0 8 2 0 0 1 3 5 2 0 1 9 0 5 1 1 6 5 6 9 2 0 1 1 6 0 0 4 1 0 0 1 4 6 3 0 4 6 0 0 2 7 1 0 1 2 2 5 0 1 0 5 3 0 7 1 2 0
9 4 9 3 4 5 7 3 8 0 6 5 0 0 6 8 0 0 1 4 1 4 0 2 0 1 0 1 4 0 2 7 2 4 0 1 2 2 0 0 4 4 5 0 1 5 4 7 0 4 6 0 0 2 8 8 0 1 3 0 0 0 1 0 0 6 0 7 4 4 0
9 6 9 7 3 0 7 8 2 0 7 0 0 0 9 6 0 0 1 4 7 6 0 2 1 2 0 1 6 5 0 7 5 6 0 1 2 8 0 0 5 1 0 0 1 6 3 1 0 5 0 0 0 3 1 0 0 1 4 0 3 0 1 1 2 0 0 7 7 6 0
9 8 t o n s 8 2 6 0 7 9 0 0 1 1 4 0 0 1 5 3 8 0 2 4 5 0 2 4 0 0 7 6 8 0 1 3 4 0 6 6 8 0 0 1 7 1 5 0 5 7 0 0 3 9 0 0 1 5 0 6 0 1 4 0 0 0 6 0 8 0
1 0 0 1 0 5 0 0 0 7 0 0 1 9 0 0 0 3 8 0 0 0 1 6 0 0 0 7 6 0 0 8 6 0 0 6 2 0 0 1 4 0 0 6 1 8 9 0 0 1 8 0 0 0 1 7 6 0 0 1 8 9 0 0 1 6 1 0 0 4 6 0 0 6 8 4 0 0
APPENDIX C 
DATA FOR THE EXAMPLE PROBLEM
Figure V -l shows a diagram o f the stream under study.
Tables C-1 and C-2 contain the physical data o f the reaches 
o f the stream which are necessary to  the so lu tio n  o f the op tim iza tion  
problem.
Table C-3 contains the data o f the tr ib u ta r ie s  p o llu t io n  
load, and tab le  C-4 contains the data concerning the p o llu t io n  load 
o f the thermal and organic waste discharges.
Note th a t 1n tables C-1 and C-2 an Increment o f  the flow  
a t the top o f a reach means th a t a small t r ib u ta ry  con tribu tes to  the 
main stream a t th a t p o in t. When a tr ib u ta ry  Is Important enough in  
volume and o r p o llu t io n  concentration I t  can de fine a separate reach 
and can be Included as a re tu m less  and decls lon less reach.
12
3
4
5
6
7
8
9
10
11
12
13
14
15
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Minimum
Flow
(mgd)
Time o f 
Flow 
Days
K-j (20)
(1/days)
K2 (20)
(1/days)
Allowab
D.O.
(ppm)
975 0.3 0.12 0.3 8.5
1015 0.8 0.12 0.28 8.5
1020 0.7 0.12 0.3 9
1060 0.4 0.12 0.29 8
2075 1.7 0.13 0.25 8
2135 0.6 0.13 0.17 7.8
2135 1.1 0.13 0.17 7.4
2135 0.8 0.13 0.17 7.4
918 0.8 0.13 0.17 7.2
918 1.5 0.13 0.15 6.5
918 1.2 0.13 0.15 6.5
1217 0.9 0.13 0.17 7
1217 0.4 0.13 0.17 6.5
1817 0.7 0.13 0.16 6
1867 1.9 0.13 0.16 5
TABLE C-1
ORGANIC DATA FOR THE REACHES OF THE STREAM.
12
3
4
5
6
7
8
9
10
11
12
13
14
15
( F J }
(m'Vsec)
42.8
44.6
44.8 
46.5 
91.1
93.7
93.7
93.7
40.3
40.3
40.3
53.4
53.4
79.8
81.9
Maximum
Length
Km
Average
Width
(m)
Allowable
f a -
Natural
f a -
10.4 47 16.5 15
49.4 43 16 15
32. 38 16 14
11.4 62 17 15
40. 111 18 16
19.2 83 19.5 17.5
38.4 77 19.5 18
28.8 74 19.5 18.5
14.5 84 21 19
30.5 75 21 19
35. 95 21.5 19.5
32. 57 20.5 18.5
12.8 63 20.5 19
19.2 83 20.5 19
37. 119 20.5 19.5
TABLE C-2
TEMPERATURE DATA FOR THE REACHES OF THE STREAM.
Flow BOD DO
Reach (mgd) (ppm) (Ppm)
2 40 40.4 9
4 40 1 9.4
6 60 25.7 9
14 600 12 8
15 50 2.3 8.5
TABLE C-3
DATA FOR THE TRIBUTARIES
12
3
4
6
7
8
10
11
13
15
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ORGANIC POLLUTION
Flow BOD DO
(mgd) (ppm) (ppm)
14.2 65 0
31.3 284 0
4. 1440 0
4.16 118 0
0 -------
14. 93 0
12.9 121 0
8.4 240 0
40.7 279 0
0 ------
THERMAL POLLUTION
Flow
(mgd)
Head„ 
Load ( F)
Wet Bulb 
Temp. ( F)
120 12 56
72
0
132
fi
21 56
20 56
u
102 16 59.5
150 16 60.3
90 22 70
u
90
• 4* 
18 65
72 19 66
TABLE C-4 
DATA FOR THE POLLUTION DISCHARGERS
mAPPENDIX D 
COMPUTER PROGRAM OF EXAMPLE PROBLEM 
D-1 D e fin it io n  o f Program Variables
The Fortran IV-G computer program used In  an IBM 360/65 Is
shown together w ith  the de sc rip tio n  In  a lphabetica l order o f  the main
variab les 1n the program.
BOD(J): BOD content In  discharge o f user j  (ppm).
BOD 1: Remaining BOD content In discharge o f user j  (ppm) a f te r  
treatm ent.
D (J): Decision vector
DELTE(J): Natural Increment o f  temperature from the top to  the
bottom o f  a reach.
DET(J): Oxygen d e f ic i t  a t the top o f a reach.
DL(J): Lower l im i t  o f D.
DOB(J): Dissolved oxygen a t bottom o f a reach.
DOMIN: Minimum dissolved oxygen concentration.
DOSB(J): Dissolved oxygen sa tu ra tion  concentration a t the bottom
o f a reach.
DOST(J): Dissolved oxygen sa tu ra tion  concentration a t the top o f
a reach.
D0T(J): Dissolved oxy9en a t the top o f a reach.
D0(J): Dissolved oxygen o f  user j .
DU(J): Upper l im i t  on D.
EPS: A rb itra ry  constant ■ 0.001.
EQT(J): E qu ilib rium  temperature a t reach J.
EX(J): Dummy va riab le
FAC: Dummy va riab le .
FACI: M atrix  o f  flow  percentages.
F lo rg (J ): Discharge (mgd) o f user j .
FLOTE(J): Temperature waste discharge o f user j .
FLOW(J): River flow  in  reach j .
3
FRAC: Conversion fa c to r  from mgd to  m /sec.
ITC: A lgorithm ic ite ra t io n  counter.
J: Reach counter.
K: D isc re tiza tio n  index.
KI ( J ) : Deoxygenation ra te  o f reach J.
K2(J): Reaeration ra te  o f reach J.
K12, K21: Dummy variab les .
LB(J): BOD content a t the bottom o f reach J.
LINK(J,2 ) : M atrix  LINK.
LT(J): BOD content a t the top o f reach J.
L0C0N(J,2 ): M atrix LOCON.
M: Total number o f reaches.
MM2: Number o f defined reaches.
MDOS: Dissolved oxygen concentration slope.
N: Number o f  users.
ND: Number o f s ta te  d is c re tiz a tio n  le v e ls .
Q (J): Stream flow  1n m/sec.
RD(J,K): Treatment cost tab le  fo r  user j .
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SB(J): Streams temperature a t the bottom o f  reach J.
STANDO(J): DO standard In reach J.
STANTE(J): Temperature standard 1n reach (J ) .
ST(J): Streams temperature a t the top o f  reach J.
STT: SR2/EPS2
TE(J): Temperature o f discharge o f  user J.
TRIBDO(J): DO In  t r ib u ta ry  flow .
TRIBL(J): BOD In t r ib u ta ry  flow .
TRIFLO(J): T rib u ta ry  flow  1n mgd.
TRIBTE(J): Temperature o f t r ib u ta ry  flow .
TR IF(J): T rib u ta ry  flow  1n m3/sec.
T I(J ) :  Time o f flo w  In reach J.
W(J): Width 1n meters o f reach J.
X (J): Length o f reach (J) In meters.
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D-2 Computer Program
O C O M M O N / U t l / F L D T E ! I T ) .  T E I  I T > . 0 ! I T  I  > I T  A N T E  I  I T  I . C O T ( t ? l , X (  I T ) ,
I N I  1 T ) . O E l TK |  I T )  . T R t R T E ! I T )
C O M M D N S U W / S T !  1 T I  . S B ( I T I  , F A C  1 (  I  f t  I . T R I P ! I T )
C O M M n N / U ? l / K I (  I T )  « K 2 ( I T )  »T I  (  1 T ) * » T A N D O ! I T )
C DM MON / U 2 6 / U 0 T  I  I T )  . DOM ( ) T )  * L f t l  I T ) . F L O W !  I T )
O C O N M D N / U 2 7 / B O O ! I T ) . D O I I 7 ) . T R I R L ! 1 7 ) . T R I B O O ! 1 T l . T R I F L O ! 1 7 1 .
I F L O R G ! I T )
C O M M O N / U 2 S / D O S T 1 1 T )  . O O S B l l T )  . D C T ( I T  I » L T  t 1 T I  
C O M M O N / L I / L I N K ! I  S . 2 I . L O C O N I I  f t . 2  I 
C C M - O N / C O  / H D ! 1 6 .  S C )
C O M M O N / T C O S  / N t A M f *  f tTT  
C O M M O N / R E  / E X !  I T )
C O M M O N / C J U N T / N C N T . O L . D U  
D I M E N S I O N  D (  1 6 )  . O L (  1 6 ) . D U t 1 6 1  
D I M E N S I O N  Z ! 1 6  I . Y ! 1 6 1  . V ! I  6 . I  71  
E A T E R N A L  T C n S T . H L H K O I  
R e A C  L T . K l . K 2 , LB  
I N T E G E R  RO  
C M I S  THE NUMBER OF RF ACHES
C N I S  THE N U A J F R  c f  c c m p o n f n t s  I N  T H E  d e c i s i o n  ve c t o r
C MM C O U N T S  THE NUMBER UF P O L L U T A N T S
C MM2  C O U N T S  THF NUMBER OF S T A R T I N G  F LO WS
C ST T I S  THE A R B I T R A R E L T  H I G H  COST GT S U M  O F 1 0 0 1  T R E A T M E N T
N - 1 6  
M *  I  T 
M M 2 - M - 2  
H M . j
S T T - 3 .  S E S  
F R A C  M 2  .  S / 9 7 5 .
E P S - O . G O )
0 ( 1 6 )  ( F L U T I  1 6  ) * F R A C  
O C I  71 - F L O W !  I 71 * F R A C  
C R E A D I N G  U S E R ' S  T E M P ER AT U RE  O AT A
R E A D ! S . I O C ) ( F L O T C ( 3 ) .  TE ( 3 I . 3 * 1 . MM2 )
C R F A D I N G  U S E R ' S  O R G A N I C  O AT A
R E A D ! 9 • 1 0 1 ) ( F L O R G ! 3 ) . 0 0 0 ( 3 1 . O O I 3 1 . 3 - 1 * M M 2 )
C R E A D I N G  T R I B U T A R Y  OATA
O R F A D I f t . 1 0 2 ) <  T R I F L U I 3 ) . T R I B T C I 3 )  . T R I  B O O ( 3 ) . T R I B L ( J  I . 3 - I . M M 2 )
C R E A D I N G  D A T A DF THE REACH
O O I I C  3 - I . M M 2
l l O S R E A O I S .  1 0  3 )  ST A N O O I J ) t K l ( 3 ) . K 2 ( 3 ) . 0 ( 3 I . S T A N T E ( J ) . C O T ( 3 1 .
I O E L T E ! J ) . X ( 3 ) . w | 3 ) . T l ( 3 )
1 0 0  F OR M A T ( 2 F I 0 . 4 )
1 0 1  F O R M A T !  3 F  I  0 .  A I
1 0 2  F O R M A T !  AF 1 0 .  A)
1 0 3  F O R M A T !  TF  I 9 .  « l  
D O  ] 0  3 - 1 i N
1 0  R C A O I S . 1 0 * 1 ( R O ( 3 . I  I * 1 - 1  . 9 0 1  
1 0 *  F O R M A T ! t O I S I
R E A O I  f t .  I 0 9 I L I N K  
R E A O ( 5 . 1 0 9 1  L OC O N  
1 0 9  F C R M * T ( 1 5 1 * 1
R E A D ! 5 . 2 0  5 ) F AC 1 
2 0 f t  F O R M A T !  I 5 F 4 . 2 )
R E A D ! S , 2 0 6 1 0  
2 0 6  F O R M A T !  1 6 F * . 2 )
R E A D ! f t . 2 0 A I D L  
R E A D ! f t *  2 0 6 I D U  
D O  2 0 T  3 - 1 . N 
O L I 3 T - O L ! 3 I * E P S  
2 0 T D U (  3 1 - O U ! 3 1 - E P S  
D O  3 0  I - I * M M 2  
S T A N T E ( I  I - S T A N T E !  I ) * E P S  
S T A N O O !  I  I - S T A N O O ! I  > ' E P S  
F L O W ! ( 1 - 0 .
K U P - 1
I F ( L I N K I  I  . 2  I , N E . O I K U P - 2  
D O  * 0  K I  s |  .  KUP  
L K - L 1 N K !  I  . K I  I 
* 0  F L O W ( I  I - F L O W 1 1 I ' F L O W ! L K I  
F L O W ! )  > - F L O W !  I I  *  TR I F L O !  I  I  
F L O W ! I  ) - F L O W ! I  I W F A C  I  I  I )
0 ( 1 )  —F R A C * F L O W !  I  )
F L O T E  I  I  I  - F L  OTE !  I  I  * F R A C  
T R I F ( I ) - F R A C * T R I F L O ! I  I  
F A C —  I . 3 3 * 9 1 1 )  * 2 !  I  ) / ! Q ( 1 1 * 1 0 0 0 0 0 . )
3 0  E X !  I  ) * E X P  ( F A C  I
w n i r e ( s . i o s i
I O S O F O R M A T ! • 1 • * 2 0 X . • I N P U T  C O S T  F U N C T I O N * E A C H  C O L U M N  C O R R E S P O N D S  TO T H e  
I C O S T  OF U S E R  3  • t / , 2 1 X . ' C O S T  G I V E N  I N  H U N D R E D S  OF D O L L A R S ' )
W R I T E ( 6 . 1 0 7 ) | 3  . 3 - 1 * N I  
1 0 7  F O R M A T !  SX . ' O '  * 2 X .  1 6  !  I S . 2 X 1  )
W R I T E ( 6 . 1 O SI
uu
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l O B O F O R M A T I  1 X . ! 2 0 ( * * * ) |
D O  2 0  1 > 1 * 0 0  
* ■ 1 * 1
2 0  WRI  T E 1 6 . I  0 6 ) K .  ( R O (  J .  I  ) •  J w | * N  |
1 0 0  F O R M A T !  9 X . I  F I  I 5 . 2 X I  I  
C W R I T I N G  U S E R  * 9  T E M P E R A T U B E  O AT A
W R I T E ( 6 * 5 0 )  I J . F L O T E ! J l * T E I J l  ,  J * 1  . 1 9 )
C MR I T | N G  U S E R ' S  O R G A N I C  OATA
W R I T E 1 6 * 9 1  I I F L O R G ! J I . B O O ! J » . D O ! J l , J - t . 1 9 t 
C W R I T I N G  T R I B U T A R Y  OATA
O W R I T E ( 6 . 9 2 1 C T R I F L O ! J t . T R I 9 T E ( J I . T R I B O O I J I  * T R I S L ( J ) *
I  J - l . t S )
C W R I T I N G  OATA OF THC REACH
OO 1 2 0  t ■1  * 2
DO 1 2 0  J - 1 . 1 5  _ _  . . . .
I 2 0 0 W R I  T E I 6 . S T M  t J t S T A N D O ! J )  . K I  (  J t  * K 2  (  J  > .  Q l  J  1 * » T  A N T E I J  t  * EOT I  J  I  » 
1 D E L T E ( J I . X ( J ) . W ( J I . T I  ( J t
9 0  F O R M A T ! 1 O H * I  1 0  . 9 X . 2 F I  0 * J I
9 1  F O R M A T ! I 0 X . J ( F | C . 3 . 9 X 1  I  
5 2  F O R M A T  I  1 0 X * 4 I F  I Q . 3 . S K I )
9 3  F O R M A T !  I 0 X . 2 I 1 0 . 5 I P 1 I * 3  * S X 1 « / . 3 0  X . 9 I F I 1 . 3 )  I 
WR I TE ( 6  * 9 5 t  L O C O N  
W R I T F ( 6 * 9 5 ) L I N K  
5 6  F C R M A T ( / / * 1 0 X * 1 9 ! 4 t  
W R I T F I b . 2 l O I F L O N . O  
2 1 0  F  OR m a t  ( 5 F  A *  2 1 
W R I T E ( 6 . 5 6 1 0  
W R I T C I 6 * 5 6 t O U  
W R I T E ( 6 . 6 6 1  OL 
5 6  F O R M A T ( / / *  I  O X . 1 6 F 6 . 2 1  
N C « 0
2 2 0  C A L L  M N W D 2 B !  TC OST  * D .  1 6  .  6  . 6  •  * 5 .  I T  . R L M N Q t  .  Z . N E R . V .  V .  1 71 
N C - M C *  1
I F I N C . L E . 2 I G D  TO 2 2 0  
D O  5 0 *  J « I . M  
D L ( J ) - O L ( J t - E P S
8 0 4  O i l  J l a O U t  J l  f E P S  
0 0  SOS t * 1 . M M2  
S T A N O O ! I l - S T A N D O ! I > - E P S
8 0 5  S T A N T E !  I  I  " S T A N T E !  I  l + E P S  
C A L L  T C 0 8 T !  TC . O  1
WRI  TE I 6 . 5 6 1 D 
WRI T E ( 6 . 9 0 3 ) TC 
9 0 3  F O R M A T !  I  O X . a T C > * . F 1 9 * 2 1
WRI  T E ( 6 . 9 0 1 t I J . 0 0 8 ! J t . D O T ! J l  . L B !  J l * L T I J t . J * 1 . 1 9 )
5 0 1 O FO R M A T !  I  2 X .  * J  * * I 2 X . * D O B * * 1 3 X « • D O T *  . 1 6 X • a LB * * 1 AX * * L T  * • O X * / / * 
I  ( O X * I 3 . 4 I 6 X . F I 0 . 4 ) ) t 
I R O  W R I T F I 6 . 5 0 2 I ( J . S B ! J )  * S T ( J I  . J - I . I 9 )
9 0 2 OF O R M A T ! I 2 X * ■ J * . 1 2 X * *  S B ' . I B X . *  S T *  % / / . ( O X * 1 3 * 2 ! 9 X . F 1 0 * 4 t  )  t 
ST O P  
EN D
B L O CK  O A T A
C Q M M 0 N / U 1 2 / S T ! 1 T l  i S X I l T I . F A C  I  I  1 5  I . T R I F ! I T l  
C O M M O N / U 2 6 / O O T ( I T )  . 0 0 9 ( 1 7 ) . L U ( 1 7 t . F L O W ! 1 7  1 
T H I S  BL OCK O A T A  M L 5 T  BE C H A N GE D  F O R  E V E R Y  R I V E R  U N D E R S T U D Y  
• J U S T  L I K E  A L L  O TH ER O AT A  
R E A L  LB
D A T A  F L O W ! 1 7 ) . D O B ! I  7 1 * L B ( 1 7 t * S B ( I  7 ) / I  0 2 0 • . 0 . S . 2 . 0 * 1 4 * /
D A T A  F L O W ! 1 6 1 t O O B ! 1 6 ) . L B ! 1 6 ) . S B ! 1 6 )  / O T 8 . * 0 * 5 . 2 * 9 * 1 9 * /
END
116
S U t l R n u T I N l i  T C O S T I f t . D I  
C C U M M U N / U I I / F L O T C I  2 0 ) .  T F ( 2 9 1 . Q t 2 6  I  . S T A N T E  I  2 0 > . E O T  I  2 0 1 . X I  2 0  I .  
I « I 2 C  I . O E L T E I 2 3 1 . T R I U T E I 2 C  I 
C O V W U N / U I 2 / S T I Z 0 I » S U ( 2 0  I . F A C  1 (  I S 1 . T R I F ( 2 0 1  
C O M M n N / U ? l / K I I 2 9 1 . K 2 I 2 C I . T l ( 7 C  I .  ST A N O U I  2 C 1 
C U M M O N / U 7 6 / O O T I  2 0  I  . D O H I 2 0 1  . L O I 2 C I . F L O W I 2 C >
O C U M M U N / U 2 7 / I I O D I  2 0 1  . D O !  2 0  1 •  TR I H L I  2 0 1 *  T R I B O O !  2 0 1  .  T R I F L O  ( 2 0  1 ,  
I F L O H G I 2 0 1
C O M M U N / U 2 6 / D O S T I 2 C I . 0 0 5 0 ( 2 0 1 » D E T ( 2 0  I . L T < 2 0  I
C O M M O N / L I / L I N K ( I  S . 2 1 , L O C O N ( I S . 2 1
CU R R O N / C O  / R O  ( I  6 • GO 1
C O M M U N / T C O S  / N . M M 2 . 9 T T
C O M M O N / R F  /EX ( 2 0 1
C O M M O N / R t A / M D O S . K I 2 l K 2 1
C U M M O N / C C U N T / U L . O U . N C N T
COM MON/OF.  C I  S / O V  ( 1 5 . 2 1
O I M b H S l O N  0 ( 1 * 1  . O L ( t *  1 . O I K  1 4 1
I N T E G E R  HD
H E A L  K 1 1 . K 2 2
R E A L  K 2 M K I . K I . K 2 . K 1 2 . K 2 I . M O O S . L T . L B * L M I N . K I T L T ■K 1 T 2
K I K K 1 2 . S T D  - K I  2 * 1 .  C *  7 * *  1 ST  I - 2 0 .  I 
K 2 2 I K 2 I . S T  1 1 * K 2 1 * 1 . 0 1 6 4 * ( 5 T 1 - 2 0 . I
C A ( F l , F 2 . F 3 . C i . C 2 . C 3 1 - ( I F l - F 2 - F J I * C l * F 2 * C 2 * F 3 * C J I / F I
T C - C .
DO 9  J - l . N
1 F I C C J l . C E . D L I  J I  I C O  TO I S  
T C - T C * ( D L ( J I - D l J 1 1 * * 2 * 5 T T  
1 9  I F I O I J I . L E . G U t J 1 I G O  TO 9  
T C - T C * ( 0 ( J I - O U I  J l 1 * * 2 * 3 T T  
5  C O N T I N U E
C F I N O I N G  OUT V H I C H  D E C I S I O N  V A R I A B L E S
3 0 9  OO I C O  I - 1 . M M 2  
K - L C C O N I  I .  I  I 
J —L O G O N ( 1 . 2  1 
I F I K . N E . C I D V I I .  I  I - O I K  I 
I F  I J . N F . C l O V t  I  * 2 1 « D ( J l  
C F I N O I N G  CUT THE V A L U E S  O F  T H E  S T A T E  V A R I A B L E S
C AT THE TOP OF THE R EA CH
F L - 0 .
F L O - C .
L T ( I 1 - 0 .
O O T ( 1 1 - 0 .
S T I  I  1 - 0 .
K U P - 1
I F ( L I N K (  I  • 2  I  * N E . 0 1 K U P —2  
DO 10 K I - l . K U P  
L K - L I N K I  t . K  I  I 
F L O - F L O * F L O * I L K  I
L T I  I  l » ( L T (  I l * F L * L U ( L K l * F L O W ( L K I 1 / F L O  
DOT I  I  I  — I  D O T (  I  I 4 F L 4 D C B I L K I * F L O a ( L K 1 I / F L O  
S T ( I  I - < S T I  I  I * F L * S B ( L K I * F L O h I L K I  I / F L O  
1 0  F L - F L O
D K - O V I 1 . 1 1
D J - O V I 1 . 2 1
I F  I O J . L T . 0 . I D J - 0 .
t i - ( D J . G 1 . 1 0 0 . I D J - l U U .
I F I C K . L T . 0 . I D K - Q .
I F I D K . G T . l JC. I D K - 1 0 C .
T E M —I ( I O C . - U K  1 * 1 T E ( I  I - C O T < I  I 1 1 / 1 0 C . 4 E Q T I I  1
S T I  I I - C 4 I 0 I  I  I . T R I F  I  1 I . F L O T E I I  I . ST  I  I  I . T R I B T C I  I  I . T E M 1
C A L L  MEACT I S T I I  1 • D E L T E I 1 I . E O T ! I  1 . S B ! I  I  .  I 1
■ F t  S T I  I  I . G T . S T A N T E !  11 I T C ■ T C * S T T *  I  S T (  I  1 - S T A N T E I  I  I  I  * * 2
U O D I - I I  1 C C . - O J  I * 8 0 D I  1 1 1 / l C  r .
L T I  1 I - C 4 I F L U W I  I l . T R I F L O l I  1 . F L U R G I I  I * L T ( 1 I . T R I B L I  1 1 . B O D 1 1
O O T I  I  I  —C * ( F L O W ( I l . T R I F L O l I I . F L O R G I 1 1 . D O T H  I . T R 1 B D 0 I I  I . 0 0 1  I  1 I
K 1 2 - K 1 1 ( K I I  I  I . S T I  I  11
K 2 1 - K 2 2 I K 2 I  I  I . S T I  1 I  I
O U S O I I l - C U S C I S O I  I  I  1
D O S T ! I  I - O D & C I  S T I  1 I  I
D f c T I  I  t - O O S T I I  I - D O T  I  I )
M O O S - I O O S D I  I  1- D O S T  I  I I  l / T  I  ( I  1
K 2 M K I —K 1 2 - K 2 1
C A L L  M I N I K 2 M K 1 . D O M I N . | |
I K  DOM I N * L T . S T A N O O I  I I  1 T C - T C * S T T *  I  S T A N D O I  1 ! - O O N l N t * * 2  
I F  I  K • t  Q .  t: I  GO TO SC 
C A L L  C OS T  I  OK . R 2 . K I  
T C - T C * R 2  
SO I F  I J . f c O . C I G O  TO 1 3 0  
C A L L  C OS T  I O J  . R 2 . J I  
T C - T C * R 2  
1 0 0  C O N T I N U E  
R l T U P N  
E N D
o n  a 
n u n i a d  s
I 9 * 1 3 *  1 3 *  * 1 3 1  3* . - l i . ' x t * c * i i ‘ . - n i m b i . * m2*21 * i - r  . *X2*£*13*. - N l w o o . * x ih v m m o x o  oi 3 
t r  i a i *  t r  l e o o *  t n o *  t r  i  h * n i m i *  n i m o o i s  i  * 9 i a i  i u n o 2  3
I D  l l - N  I M 1  
i r ) 0 U 0 - N t H 3 0  
2  OA 0 9 1  I T  1 0 0 0 * 1 1 * h t H O O 1 3 1
I t r i i i *  t n n  i* t r u a o *  t r i e i *  tr ieao * tnasoa* tnaooiHDvaa i i x s o u  tNiMi* t r i i i *  t r iiaa*NiMi*NiMao*NiMsaa*N iHoa>H3*3d it v d
n i m i - s o o w -  t n i s o a - N i N S o a  i
2  O l  0 9  
t r l u o a - N i H O a
t t r m *  t n n  i
• t r u a o *  t n a i *  t r i e 30* t n a s o a *  t r ) a o a i H » »  i t y o o *
I t  0 1  0 9  
( D  1 3 0 -  t r  U S O O - N 1 N O O
• o - N i H i  a
«  O l  0 9  
t r i  i i - n i m i  i  
i  o i  0 9 1  t r  i i i * n * N i M i  t a t
a  o i  0 9 1 * o  * a i * n i m i  1 3 1
1 U - X V H 1 - N I M 1  9  
I C b J  I  3
* < - O V M «  *MS * C * 9 3 *  « - 9 t M  • * X « * £ * A 3 *  . - X * N 1  • * X S * C * 6 3 * . - 1 0 . * K 0 2 ) 1 V M H 0 3 0 0 2  3
O V d * 9 M V a X V H l * i a t 0 3 * 9 l 3 1 I M M  *  3
* 0*10 s  
9  O l  0 9
c x v M a o / t t a v d l i a s s  - s x v m a a - i - i o
1 O l  0 9 1  * 0 * 1 1 * 0 ¥ d  131  
t X V N a O * S 0 O M - * 2 - 2 * - 2 X V A 3 O - O ¥ d
a x d x a *  t r  > i s o *  c m - 1  t x d x a i c i  i x - 2x d x a - c i 2x >  - x - c x v k j o
2 X 3 X 3 -  I D i a a - 3 A 2 X - f 2 X 3 X 3 - 2 A 2 M - 1 X 3 X 3 - 2 1 I X ) - 3 - 2 X V M 3 0
2 1 2 X 1  I 2 X - C 1 2 M
I 2 X -  t  2 X —2 1 2  X 
2 1 I X -  2 1 X —£ 1 1 X
2 1 X -  2 1 X * 2 1 1 X 
t  2 X 3 ) d X  3  — 2 X d X  3
I 1x 3 1 3 x 3  - t x d x a
X 9 M 1 -  I 2 X — 2 X 3  
X T M 1 .  2  I X — 1 X 3  
1 X M 2 X / 1 1 1 1 M - 3  
f i  O l  0 9  t  * 0  * 0 3 * S O U H 1 3  1 -  
I X M 2 X /  f  9 M V 1 9 Q 1 9 —X * M 1  £
*  O l  0 9  
* 0 > X ¥ M 1  
E O l  0 9 1 * 0 * 1 9 * 9 M ¥ 131 
2 I X / d ¥ d -  1 2 X - 9 3 X  
m  I X / M O N U - * 1 - d V d
t r  ) i s o - 1  x w s x - w n x w  
t n n -  a i x - m i x
C 1 2 X * 2 1 2 X * £ 1 I X  1 V 3 M
2 1 I X * 1 1 1 I  X * N l H ' 1 * a * l * 1 1 * S O O H *  1 2 X *  2 I X * 2 X *  t X *  1 X M 2 X  1 V 1 H
t i i i u a o  n o i s n 3 m i o
1 2 X * 2  I  X * S O O H / V 3 d / N O W M O 3
t i t  i n *  m i  n o *  1 1 1 l a s o a *  t n  ) i s o a / e 2 n / N O M M 0 3  
t i t  1 M 0 1 3 M  1 I  1 9 1 *  t i l  l e o o *  t i t  ) 1 0 0 / 9 2 n / N O M W 0 3  
t i l  IO O N V 1 S  *  1 1 1 I  1 1 *  t i l I 2 X *  t l I  ) I X / I 2 O / N 0 M M 0 3  
t l I  1 3 1 X 1 *  t 9 1 ) 1 3 V 3 *  t i l  I D S *  t l 1 ) l S / 2 i n / N U H M 3  3  
] 3 1 ¥ i n 3 1 ¥ 3  3 M ¥  H 3 V 3 U  1 M 1  3 0  1 * 0 1 1 3 8  3H 1 l «  a t  O N *  BOO 3 0  S 3 n i ¥ A  3 H 1  3
I O N  MO 0 1 1 9 1 0 1 A M 3 H 1 3 A  H 3 V 1 M  3 H I  3 0 t 3 * n i l  O l  I I  S 3 M V M W 0 3  O N *  3
n 391x 0 a i n o s s i a  w n w i w i H  3 0  i n  1 0 3  3 h i  s a i x i n o i x s  M X M o a u d e n s  s i h i  3
3
t r * n i m o q * I X M 3 X 1 N I H  S N i i n o d t n t
I I I
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s u b r o u t i n e  c h s t i o s . r e . J l  _
C T H I S  S UBPROGRAM C A L C U L A T E S  t h e  m i n i m u m  c o s t  p o m
A G I V E N  D E C I S I O N  
I N T E G F H  HO
C C M M O N / C O  / H O I I C t S O I  
C T H I S  COMMON I S  W I T H  R EA D O N L V
1 0 ? - 0 7 / 2 . C
I P I I D 2 . e o . O I G O  TO 1 0  
C - P O O .  1 0 2 1  
CO TO 2 0  
1 0  C > 0 . 0  
2 0  1 D 2 P 2 » I D 2 * I  102*2*1 02 
U 3 > F L O * T (  1 0 2 )
R 2 * t R D ( J t 1 D 2 P 2 I - C  1 4 ( 0 2 - 0 3 1 * 0 . SAC
R E T U R N
ENO
S U B R O U T I N E  R E A C H ! D O S  . D O S B . O E B . L B  .  D E T » L T • T I  )
C T H I S  S UBPROGRAM C A L C U L A T E S  S OD  AND DO AT T I C  O OT TO M OP A
C REACH OP GIVEN LENGTH
C O M M O N / R E  A / M O O S  * X 1 2 t K 2 1
R E A L  M l . K 2 . L T . L B . M O O S . K 1 2 . K 2  IKI*K 12K2>K?t
E X I — K 1 A T I
e x 2 * - K 2 * T l
PAC I  ■ F X P ( E X 2 )
P A C 2 > M O O S / K 2  
P AC 3 s  E X P ( E X l )
0 E B - X 1 * L T * ( F A C 3  - P A C I  I / I K 2 - K I  1 * ( D E T —P A C S ) A F A C 1 ♦ F A C 2
DOB “ D O S O - D E B
L 0 * L T » F  AC 9
R E T U R N
ENO
S U B R O U T I N E  R E A C T ! S T . D E L T P . E O T . S B . J l
C
C T H I S  S UBPROGRAM C A L C U L A T E S  R HE T E M P  AT T H E  OOTTOM OP A
C R E A C H OP G I V E N  L E N G T H
C C M M O N / R E  / E X 1 1 T )  
t P I  ST  « L E a E O T ) G Q  TO 10  
D S T * S T —E O T  
D $ U * D S T * E X (  J l  
S B * E O T * O S B  
GC TO 2 0  
10 S 0 * S T 4 D * L T E
I F ( S S . G  T . e u T l S B - C O T
C 2 0  W R I T E ( 6 . 3 0 1  S T . S B . E Q T . J
C 3 0 OF OR M A T ( S X . • S T *  * . F 6 . 2 . 2 X . *  S B *  * . P B . 2 . 2 K  * ■ E O T * * • F 6 . 2 ■ 2 X . • J * • . I  2 1  
2 0  R E T U H N  
END
F U N C T I O N  D O S C I S T )
T h i s  S UBPROGRAM G I V E S  THE D I S S O L V E O  O X Y G E N  S A T U R A T I O N  
C O N C E N T R A T I O N  F O R  ANY T E M P E R A T U R E  I N P U T  B E T W E E N  1 4  C 
AND 2 4  O C .  ST I S  THE T E M P E R A T U R E  OF T H E  S T R E A M .
WHEN O U T P U T  I S  O e S l H E O  . C H A N G E  S T A T E M E N T  S T O
THE WRITE S T A T E M E N T
I F  I S T . L C . 1 6 . I G O  TO 4
| F ( S T . L E * 1 3 . I C O  TO 3
I F < S T . L P . 2 0 . I G O  TO 2
I F t S T . L E . 2 2 . I G O  TO 1
D O S C * B . 8 3 4 ( S T —2 2 . 1 6 0 . 3 / 2 .
GO TO 5
1 D O S C - 4 . 1 7 * 1  S T - 2 0 . 1 * 0 . 3 4 / 2 .
GO TO S
2  O O S C - 9 . 5 4 * 1  S T - 1 S * 1 * 0 . 3 7 / 2 .
GO TO S
3  0 O S C * « . 9 S 4 < S T - i e . 1 * 0 . 4 1 / 2 .
GO TO S
4  O C S C * 1 0 . 1 5 4 ( S T —1 4 . ) 6 0 . 2 / 2 •
C WR I  TE (  6  *  1 0 0 I  DO SC ■ ST
C 1 0 0  F O R M A T ! / / . 2 0 X . * O O S C * > . P I O . 3 . S X . ' S T a * . P 1 0 . 3 I
5  R E T U R N  
ENO
119
D-3 A. McPhaU's Library Subprogrw
S U O M O U T I N E  M N M D 2 U I  ER •  XZ  . N .  NE X . N E B  *  I  T AX .  N RN  * R L M N  • X * I  T ■ V  ■ P • M I  
U I M E N S I O N  X / I M ) . * ( N I , V ( N . M ) . P I N !
L O G I C A L  H E F Y N . F I R S T  
L X T t R N A L  LH  
I T P K  « I  A D S I  1 T A X  )
N AX »  N t X
I P I  N A X . L E . 0 0  . O R .  H A X * C T i «  I  N AX »  6  
MAD *  N £ f i
I F !  N A M . L E . 0 0  . O R .  N A R . G T . S  > NAR >  6
E P S  ■ D . t 6 2 b * 4 N A X
E T A  «  O . C 6 ? P * * N A R
E P S T  »  1 . E 5 0
I T  -  0 0
N P I  ■ N + 0 1
F L N M N  a  F L O A T ( NRN )
F L N  -  l a / F L O A T I N I  
C t t « l  C O U N T E R S  H A V E B E E N  S E T .  NOS S E T  B A S E  V E C T O R S  S S S S S S S S  
R E F V N  ■ . F A L S E .
F I R S T  -  . T R U E .
A L S  *  SORT I E P S  t 
A L A V  ■ ALS
t P l  -  Q . C b 2 S * * l N A X / 2 l .
L T V  a  J . ^ b 2 b * * | N A R / 2 >
1 0 0 0  I F f  A L A V . L T . A L S  1 A L A V  -  A L S
1 0 0 1  DO 1 0 0  1 * 1 . N
DO 1 1 0  J - l . N  
1 1 0  V I 1 . J l  -  0 . 0
V I I . I >  -  I  1 . 0  ♦  A 0 S I  X / l l )  > > * 0 . 5  
1 0 0  C O N T I N U E
I F !  F I R S T  1 C A L L  E R (  E N V . X Z  1
2 0 0  C A L L  V E O I  X . X Z . N )
I F  1 I T  A X . G T . 0 0  )  V R 1 T E I S . 1 )  I T . E N V . X Z
C S S *  M A I N  L OO P S S S S S
C S S S  T A K L  N S U C C E S S I V E  S T E P S  AL ONG  B A S e  V E C T O R S  S S S S S
SMAL  ■ C .
OO 3 0 0  I - I . N  
A L  — AL A V
C A L L  R L P N I  E f l . X . V I  I • I  1 ■ A L * P a E N M . E P S . E T M a N  I  
C A L L  V E O I  X . P . N  1 
3 0 0  SMAL -  SMAL ♦  A B S !  A L  I  
C S S S  CO MP UT E  A VE R A G E  S T E P  T A K E N  S S S S S S
A L A V  *  S M A L S F L N  
C A L L  V M V l  V I 1 . N P I » . X . X Z . N  1 
C A L L  V E O I  X Z . X . N  )
C * * *  I F  N E T  S T E P  TOO SM AL L  T E S T  F OR  C O N V E R G E N C E  S S S  
C A L L  VNMSC S M A L . V I 1 . N P 1 I . X Z . N  )
1 F I  S M A L . L E . E P M  1 GOTO 0 0 0 0  
AL  •  ALAV
C A L L  R L P N I  E R . X . V I I . N P I I ■ A L . X Z . E N V . E P M . E T V . N  1 
I T  -  I T  ♦ 0 1
C S S S  I F  I  S M A L L .  T e S T  F O R  C O N V E R G E N C E  •  e L S E  1 T R R A T E  P R O C E S S  S S S S  
I F I  C P S T ~ E N V . L E . E T H )  GOTO 9 0 C 0  
E P S T  -  FNM 
C A L L  V M V l  V I 1 . N P 1 I . X Z . X . N  )
C A L L  VNR S1  S M A L . V 1 1 . N P I I . X Z . N  1 
I F t  S M A L . L E . E P v  I  G O I O  VOOw 
F I R S T  v  . F A L S E .
C * * * * * *  D I S C A R D  THE O L D E S T  V E C T O R  ♦ • * * * * * ♦ •
OO 6 ) 0  1 - 1 . N
6 0 0  C A L L  V E O I  V I 1 . I ) . V ( I . 1  + 1 I * N  I
C S S S  R E S E T  FOR I T E R A T I O N  SS S
I F I  I T . G T ■ I T M X  I  GOTO 4 0 0  
I F I  M O C I I T . N R N I . N E . O O  I  G O T O 2 0 0  
g o t o  i c e e  
4 C 0  I T  -  - I T
GOTO 4 0 0 1  
• 0 0 0  I F I  F I R S T  . O P .  R C F Y N  I  GOTO B 0 0 1  
A L S  -  E P S * • . 7 6  
A L A V  *  ALS  
E P v  •  EP S  
E T V  -  ETA  
F I R S T  ■ . T R U E .
g o t o  t o n
• 0 0 1  C A L L  V E O I  X Z . X . N  I
I F  I  M EF V N . O R .  1 T . L T . 0 C  1 R E T U R N  
A L S  •  CPS  
A L AV  -  E P S  
H L F V N  •  . T R U E .
I  F U R P A T I • C* v  M N V D 2 U  • •  I T E R A T I O N  C Y C L E *  1 4 . * .  CO ST  F U N C T I O N  V A L U e  
C *  fc I  J . 0 / 4 X • P A R A M E T E R  V E C T O R *  4 E 1 S . 6 / 1 2 0 X  4 E 1 S . 6 I  1
ENO
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S U B QO U TI  NE R L M NO t  I  F R F  .  XZ .  S * A L  ■ *  , E  A t  T F S  T I  . T E S T 2 . N  I
O f  MENS IO N  X / ( N I  . S t N I  . X C N f  
D I M E N S I O N  D ( 4 1 , E I 4 I
E Q U IV A L E N C E  ( O l . 0 1  I t 1 * ( 0 2 . 0 1 2 1  » * 1 0 3 * 0 1 3 1 1 ■ (  0 4 , 0 ( 4  1 I 
E Q U I  V A L E N C E  ( E 1 . C  ( 1 1 I  * (  C 2 * E I  2 1  I  .  ( E 3  • E l  3  I  I  * ( E 4  •  E l  4  I  1 
I F I  A U S I  A L  I  . L T .  T E S T I  I  AL  ■ T E S T  1 
N a  A L  
O AL «  A . 4 A L02 » 9.0 
F 2  ■ E A  
D 3  ■ M
C A L L  V P V T S (  X . X 2 . S . 0 3 . N  I
C A L L  F R F (  F 3 , X  I
I F  ( E 3 . L f . C 2  1 GOTO 1 0 0
M ■ -H 
O A L  ■ - O A L  
E l  ■  F 3  01 ■ 0 3
0 3  *  M
GOTO 1 5 0
1 0 0  E l  ■  E 2  
E 2  -  C 3
0 1  *  0 2
0 2  a 0 3
0 3  a 2 , * H
1 5 0  C A L L  V R V T S I  X . X Z . 5 . 0 3 . N  I 
C A L L  F R F ( E 3 , X I 
2 0 0  0 2 3  a  0 2 - 0 3
0 3 1  a  0 3 - 0 1  
0 1 2  a  0 1 - 0 2
O N I  a 0 2 J 4 E I  4 0 3 1  * E 2  4  0 1 2 * e 3  
ON 2 a  0 2 3 4 0 1 1 4 0 1 2
I F I  0 N 2 . E O . O .  I  O N 2  a 1 . F - f t * ( 1 ■ E - 5 4 A B S ( DN1 11 
I F I  O N I / D N 2 . L T . O .  1 GOTO 3 0 0  
2 5 0  0 1  *  0 2
0 2  a 0 3
0 3  a  0 3  4  O A L  
O A L  a 2 . 4 D A L  
E l  •  E 2
E 2  a E 3  
GOTO 1 5 0
3 0 0  0 N 3  •  0 2 3 4 ( 0 2 4 D 3 1 4 E I 4 0 3 1 4  I  0 3 4 0 1 1 4 E 2 4 0 I 2 4 ( 0 1 4 0 2  I * E 3
I F I  O N I . E O . O .  I  O N l a l . E - A * (  t . E - A 4 A E I S (  O N 3  I  1
0 4  a  3 • 5 * 0  N 3 /O N 1
I F I  ( O  3 * O AL - 0 4  1 4 0 A L . L T . O .  I  GOTO 2 5 0  
C A L L  V R V T S I  X . X Z . S . O A . N  I  
C A L L  F R F I  E 4 , X 1
T E S T 4  a TE 5 T 2 4  (  TE S T 2  4 A B S  I  e 2  I  I  
T E S T 3  a  TF S T I  4 (  T E S T 1  4 A B S  I  0 2 1  I  
J  a  0 0  
K a  O 
L  a  OO
DO 4 0 0  t « l  , 3
I F I  AO S I  0 ( 1 1 - 0 4  I . L E . T C S T 3  1 GOTO 5 0 0
I F I  E ( 1 1 *GE •  F 4  I  J  a  J  4 0 1  
I F  1 I  , N E • 2  . A N D .  E ( I 1 . G E . E 2  I  L  a  L  4 0 1
• 0 0  I F I  A f l S I  E I 1 I - F 4  I  , L E *  T E S T A  1 X a K 4  0 1
I F I  J . E 0 . 0 9  . A N D .  L . E 0 . 0 2  I  G O TO  5 0 0  
I F  I  K . G C . 0 2  I  GOTO 5 0 0  
I F I  ( □ 3 — 0 4  I 4 0 A L . G  T • 0 ,  I  GOTO 4 5 0
DO 4 0 1  I a 1 , 3
0 1 1 1  a 0 ( 1 4  11 
4 0 1  t i l l  a  K t M l  
GOTO 2 0 0
4 5 0  I F ( ( 0 1 - 0 4 1 4 0 A L . G E . 0 . I  GOTO 6 0 0  
I F I  ( 0 2 - 0 4 1 4 O A L . L T . 0 .  I  GOTO 4 6 0  
I F I  E 2 . G T . F 4  I  GOTO 4 5 5  
E l  a  £ 4
0 1  a 0 4  
GOTO 2 0 0
4 5 5  E 3  a E 2  
0 3  a  0 2
4 5 6  E 2  a  E 4
0 2  a  0 4  
GOTO 2  9 0
4 6 0  I F  (  f 2 . G T . C 4  |  GOTO 4 6 5  
E l  a  F 4
0 3  a 0 4  
GOTO 2 0 0
4 6 5  E l  a  4 2  
0 1  a  D 2  
GOTO 4  5 6  
5 0 0  L a i
(KI 5 2  0  I  a 2  . 4
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9 2 0  I F I  F I I I . L C . t l L I  t  L -  1 
AL •  D I L  I
EA » C1LI , .
IR1 L.NE.4 I CALL VPVTS1 K.X7tft.01LI.N I
RE TURN
ENO
S U B R O U T I N E  V R V T S I  R . A . e . S . N  I  
D I M E N S I O N  H < N > . A I N ) . O f N l  
OO 1 0  l - I . N
1 0  R i l l  •  A l l )  1  e l l M S  Re TURN
E N T R Y  V T 9 <  R . A . S . N  I 
DO I I  I > 1 . N
11 R i l l  » A 1 1 I •  5
r e  t u r n
E N T R Y  VPV< R . A . B . N  1 
0 0  S' }  t >1 * N
SO R< 1 I  -  A < I I  A B ( I  I
RE TURN
E N T R Y  V M V l  R . A . B . N  1 
0 3  6 0  1 - l . N
0 0  R !  t I  -  A l l  1 -  0 1  I  I
R t T URN  
ENO
S U O M O U T IN E  V N R 1  1 V N . A . B . N  I 
D I M E N S I O N  A l N l . B I N t  
VN « 0.
OO 1 0  I  — 1 .N
1 0  VN *  VN A A B S 1 A l l )  ) / l  1 .  A AOS I B i l l  1 I
RE TURN
EN TRY VN R «  I  V N . A . B . N  1 
VN •  0 .
OO 7 0  I - 1 .N
VT -  A B S I  A l l )  1 / 1  I . C  A A B S 1 B i l l  1 1 
2 0  I F !  V T . G  T *  VN ) V N  •  V T
Re TURN 
ENO
S U Ft R O U T l N F  V E O I  R . A . N  I  
D I M E N S I O N  R I N I . A f N I  
DO 3 0  1 ■ I  .  N 
3 0  M l  I  1 > A 1 1 )
Re TURN
E N T R Y  V N E C I  R . A . N  )
DO 4 0  1 * 1 . N
4 0  R I D -  - A ! I )
RETURN
ENO
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D-4 Flowchart o f Main Program
Read input data
W rite Output
Calculate constants
Call Powell to  f in d  a 
re la t iv e  minimum
Modify boundaries o f 
the
feasible region bv EPS
Call TCOST func tion  to  
nbta ln  cost o f best point
Restore boundaries o f 
fe a s ib le  region to 
o r ig in a l values by re -  moving EPS-----------
D-5 Flowchart o f subprogram TCOST
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S ta rt
Yes D (J) >_ DL (J)
TC * TC + Penalty
y — v ^  w
1i
TC -  TC + Penalty
5No
K - LOGON 
J » LOGON
(I. 1) 
(I. 2)
< T 7
No
2
n f KV (I. 1) » D (K)|0 J  *
j  f  0 y j & py ( I t 2) ,  p ( j )
Calculate Incoming 
p o llu ta n t 
concentrations
DK -  DV ( I , 1) 
PJ » DV ( I .  2)
Wo ^  M  or BK < 0  \ ,  Y«s , >J -  O. or 6K - 6
NSL < DJ or DK > 0 > JteL DJ = 100 or DK«10'
1
§
Calcutate maximum temperature 
ST, 1n reach I fo r  given DK
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N° {  DOW IN < STANDO Yes
TC a TC + Penalty
TC * TC = Penalty
! TC + t re a t­ment, cost___
Calculate minimum,DO, 
DOMIN in .reach .1, fo r  _______given DJ______
0-6 Other subprograms
Subprograms COST, MIN, REACH, REACT, and DOSC, are ca lcu la tions  o f 
the physical behavior o f the p o llu ta n ts  1n the stream. They are 
s tra igh tfo rw ard  ca lcu la tio ns  o f  the equations a rrived  a t In  chapter I I .  
No flow charts are necessary to  understand the se lf-exp lana to ry  lo g ic  
o f  these subprograms.
Subprograms WWDZB and RLNNQI were developed by professor Andrew 
McPhate, and are part o f h is  lyb ra ry .
Subprogram MNWDZB requires the fo llo w in g  in form ation 1n the 
argument l i s t :
ER: Name o f  cost fu n c tio n ,
XZ: I n i t ia l  guess o f s ta tio n a ry  p o in t.
N: Number o f components,
NEX: Number o f s ig n if ic a n t d ig its  1n vecto r,
NER: Number o f s ig n if ic a n t d ig its  1n cos t,
ITMX: Maximum number o f Powell I te ra t io n s ,
NRN: D irec tion  re fresh  cycle > N
RLMN: Name o f re la t iv e  minimum program,
X: Duimqy vector o f  order N,
IT: Number o f Powell I te ra tio n s  used.
V: Base vectors V(N, N + 1 ),
P: Dummy vector o f order N
M: N + 1.
Subprogram RLPVIQI requires the fo llow in g  Inform ation 1n the 
argument 11st:
ERF: Name o f cost fu n c tio n ;
XZ: I n i t ia l  and f in a l p o in t,
S: D irec tion  o f  search vec to r,
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AL: Step s ize  taken in  search.
X: Working va riab le  o f dimension N,
EA: Value o f cost func tion  fo r  XZ,
TESTI: Small constant used to  te s t convergence on X,
TESTZ: Small constant used to  te s t convergence on cost func tion
N: Dimension o f space.
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D-7 Example Decision T ra je c to ry
M N M U 2B * ♦ I T E R A T I O N  L Y C L E 0 * C O ST P UNC T 1 ON V A L U E  0 . 7 1 9 5 7 O t 1 2
P A R A M E T E R VE C TO R 0 . BSOOOOE 0 2 0 . 0 8 0 0 C O E 0 2 0 . BSOOOOE 0 2 0 . 6 9 0 0 0 Q E 0 2
0 *  BSOOOOE 0 2 0 . B 5 0 C 0 0 E 0 2 0 . 2 9 0 0 0 Q E  0 2 0 . 0 5 0 0 OOE 0 2
C .B S O O O O E 0 2 0 . B S 0 C 0 0 E 0 2 0  * BSOOOOE 0 2 0 . BSOOOOE 0 2
M N V D 2 6  ♦ * I T E R A T I O K  C Y C L E 1 i CO ST F U N C T I O N V A L U E  0 . 6 4 6 2 9 4 E 1 2
P A R A M E T E R VECTOR 0 . 9 5 9 8 7 2 E 0 2 C .S S O O O O E 0 2 0 *  BBOOOOE 0 2 0 . S 5 0 7 7 6 E 0 2
C . 6 5 1 T 1 6 E 0 2 0 . 6 2 9 B B 0 E 0 2 0 . 9 4 6 0 4 2 E  0 2 O . B 5 0 2 I 6 E 0 2
C .R B O O O O E 0 2 0 . BSOOOOE 0 2 0 . BSOOOOE 0 2 0 . BSOOOOE 0 2
M N V D 2 B  * • I T E R A T I O N  C Y C L E 2 . CO ST F U N C T I O N V A L U E  0 . 6 4 1 9 6 BE 1 2
P A R A M E T E R VECTOR C . 9 6 0 I 6 1 E 0 2 0 . 4 6 7 4 2 9 E 0 2 O . S 0 7 4 9 2 E  0 2 0 . 9 3 S 7 9 4 E 0 2
0 . 9 3 6 7 3 6 E 0 2 0 . 6 2 9 3 0 1 E 0 2 0 . 9 4 6 2 9 S E  0 2 0 . 9 1 3 4 4 S E 0 2
0 .  B 6 0 0  0 0 E 0 2 0 . 6 5 0 0 0 0 E 0 2 0 . 6 5 0 0  OOE 0 2 O .B S O O O O E 0 2
MNW D2B * * I T E R A T I O N  C Y C L E 3 . C O S T  F U N C T I O N V A L U E  0 . 6 3 9 6 B 6 E 1 2
P A R A M E T E R VECTOR 0 . 9 6 0 1 6 1 E 0 2 0 *  4 6 7 4 2 9 E 0 2 0 . 7 S 5 2 5 2 E  0 2 0 . 9 B B 0 3 3 E 0 2
0 . 9 B B 9  7 7 E 0 2 0 . 6  2 9 3 0  I E 0 2 0 . 9 4 0 1 1 9 E  0 2 O . O B 7  3 3 7 E 0 2
C . 8 2 3 6 9 2 E 0 2 0 . B B 6 6 0 2 E 0 2 0 . 0 2 4 4 0 4 E  0 2 0 . B 2 5 B 6 S E 0 2
MMMD2B * * I T E R A T I O N  C Y C L E 4 . C O S T  F U N C T I O N V A L U E  0 . 6 3 9 6 S 0 E 1 2
P A R A M E T E R VE C TO R 0 . 9 6 0 1 6 1 E 0 2 C . 4 6 7 4 2 9 E 0 2 0 . 7 6 4 2 6 0 E  0 2 0 * 9 8 9 0 2 5 2 0 2
0 . 9 S 9 9 6 9 E 0 2 0 . 6 2 9 3 0 1 E 0 2 0 . 9 6 3 9  2 5 E  0 2 0 ■ 6 6 6 8 4  I E C.2
0 . B 2 3 3 9 6 E 0 2 0 . S 0 3 0 4 0 E 0 2 0 . 6 2 3 9 1  BE 0 2 0 . 6 2 5 4 0 TE 0 2
M N M 0 2 6  * * I T E R A T I O N  C Y C L E S . CO ST F U N C T I O N V A L U E  0 . 6 3 9 6 3  I E 1 2
P A R A M E T E R VECTOR C . 9 6 0 2 3 0 E 0 2 0 . 4 6 T 4 2 9 E 0 2 0 . 7 S 4 2 2 1 E  0 2 0 . 9 8 9 0 6 3E 0 2
C . 9 9 0 0 0 BE ' 0 2 0 . 6 2 9 I 6 3 E 0 2 0 . 9 5 9 9 9 3 E  0 2 O . B 6 4 7 4 1 E 0 2
0 . 9 S T 7 T 6 E 0 2 O . T 1 B C 4 9 E 0 2 0 . 9 S 6 2 9 B E  0 2 0 . 9 5 9 7 0 9 2 0 2
MNWD2B A * I T E R A T I O N  C Y C L E 6 * C O S T  F U N C T I O N V A L U E  0 . 6 3 9 S 3 0 E 1 2
P A R A M E T E R VEC TON C . 9 6 0 2 3 0 E 0 2 0 . 4 6 7 4 2 9 E 0 2 0 . 7 5 4 2 3 3 C  0 2 0 . 9 8 9 0 S 2 E 0 2
0 . 9 S 9 9 9 6 E 0 2 0 . 6 2 9 1 6 3 E 0 2 0 . 9 5 0 7 7 0 E  0 2 0 . 6 B 4 7 4 6 E 0 2
0 . 9 1 9 S 6 6 E 0 2 O . T I B I 0 7 E 0 2 0 . 9 4 0 3 B 6 E  0 2 0 . 9 4 1 8 7 6 E 0 2
MNW D2B * • I T E R A T I O N  C Y C L E 7 . CO ST F U N C T I O N V A L U E  0 . 6 3 9 6 3  IE 1 2
P A R A M E T E R VECTOR 0 . 9 6 0 2 3 0 E 0 2 0 . 4 6 7 4 2 9 E 0 2 0 • 7 S 4 2 3 B C  0 2 0 . 9 8 9 0 4 6 C 0 2
0 . 9 6 9 9 9 I E 0 2 0 . 6 2 9 I 6 3 E 0 2 0 . 9 4 4 7  7 4  E 0 2 0 . 6 B 0 6 T I E 0 2
0 . T S 2 7 B 3 E 0 2 0 . 6 T 6 4 9 6 E 0 2 0 . 9 B 3 9 S 9 E  0 2 9 . 6 1 2 6 J T E 0 2
M N W 0 2 B  * • I T E R A T I O N  C Y C L E B . C O S T  F U N C T I O N V A L U E  0 . 6 3 3 0 3 3 E 1 2
P A R A M E T E R VE C TO R C . 9 9 0 0  I  TC 0 2 0 . 4 6 4 4 0 0 E 0 2 0 . 6 9 4 1 1 2 E  0 2 0 . 9 8 9 9 8 0 E 0 2
0 . 9 B 9 9 6 S E 0 2 0 . 6 2 9 3 T 9 E 0 2 0 . 9 3 7 3 9 0 E  0 2 0 . B 7 T 0 S S E 0 2
0 . 7 S C B 0 0 E 0 2 0 . 6 7 6 S I I E 0 2 0 . S B 3 9 7 2 C  0 2 0 . 6 1 2 8 5 1 E 0 2
M N W O tB  • • I T E R A T I O N  C Y C L E 9 * C O S T F U N C T I O N V A L U E  0 . 6 3 3 0 3 3 E 1 2
PA R A M C T E R V E C TO R C . 9 9 0 0 I 7 E 0 2 0 . 4 6 4 4 1 3E 0 2 0 . 6 S 3 9 6 S E  0 2 0 . 9 8 9 9 S 3 E 0 2
0 . 9 B 9 9 A A E 0 2 0 . 6 2 9 1  TOE 0 2 0 . 9 3 7 4 I 7 E  0 2 0 . 8 7 7 0 6 0 E 0 2
0 . 7 S 2 B 2 1 E 0 2 0 . 6 T 0 B 3 1 E 0 2 0 . S B 3 9 S 9 E  0 2 0 * 6 1 2 8 6 8 E 0 2
M N M 0 2 P  • • I T E R A T I O N  C Y C L E 1 0 . C O S T  F U N C T I O N V A L U E  0 . 6 3 3 0 3 3 E 1 2
P A R A M E T E R VE C TO R C . 9 9 0 0 I 4 E 9 2 0 . 4 Q 4 4 3 3 E 0 2 0 . 6 5 3 9 9 3 E  0 2 0 * 9 6 9 9 6 6 2 0 2
0 . 9 B 9 9  7S E 0 2 0 . 6 2 9 I 6 T E 0 2 0 . 9 3 7 2 S B E  0 2 0 . 8 7 6 9 1  I E 0 2
C . 7 S 2 6 9 3 E 0 2 0 . 6 7 6 4 1 B E 0 2 0 . 9 S 3 B B 9 E  0 2 0 . 6 1 2 7 6 4 E 0 2
M N V Q 2 B  * • I T E R A T I O N  C Y C L E t  1 . C O S T  F U N C T I O N V A L U E  0 . 6 3 3 0 3 4 C 1 2
p a r a m e t e r VEC TOR 0 . 9 9 0 0 I 4 E 0 2 0 . 4 6 4 4 3 3 E 0 2 0 . 6 S 3 9 9 3 E  0 2 0 . 9 8 9 9 3 3 E 0 2
0 *  9 B 9 9 7 9 E 0 2 0 . 6 2 9 I 6 7 E 0 2 0 . 9 3 7  2 5 BE 0 2 0 . 8 7 6 9 1  I E 0 2
C .  7 5 2 6 9 3 E 0 2 0 . 6 7 6 4 1 SE 0 2 0 . 5 6 3 B 6 9 E  0 2 0 . 6 1 2 7 6 4 E 0 2
M N M D 2B • • I T E R A T I O N  C Y C L E 1 2 . CO ST F U N C T I O N V A L U E  0 . 6 3 3 0 3 3 E 1 2
P A R A M E T E R V E C TO R C . 9 9 0 0 I 2 E 0 2 0 . 4 6 4 4 4 BE 0 2 0 . 6 5 4 0  IO E  0 2 0 . 9 6 9 9 4 5 E 0 2
0 . 9 B 9 9 6 2 E 0 2 0 . 6 2 9 I S 6 E 0 2 0 . 9 3 7 2 B I E  0 2 0 . B 7 6 9 3 3 E 0 2
C . 7 S 2 7 I 2 E 0 2 0 . 6 7 6 4 3 2 C OS 0 . 5 B 3 9 0 4 E  0 2 0 . 6 1 2 7 7 9 E 0 2
M N M 0 2 B  • • I T E R A T I O N  C Y C LE 0 . C O S T  F U N C T I O N V A L U E  0 . 6 3 3 0 3 3 E 1 2
C . 9 9 0 0 I 2 E 0 2 0 . 4 6 4 4 4 B E 0 2 0 . 6 6 4 0 1 OE 0 2 0 . 9 B 9 9 4 S E 0 2
0 . 9 B 9 9 6 2 E 0 2 0 . 6 2 9 I 5 6 E 0 2 0 . 9 3 7 2 6 1  E 0 2 0 . 8 7 6 9 3 3 E 0 2
0 . 7 9 2 T 1 2 E 0 2 C . 6 7 6 4 3 2 E 0 2 0 . 5 S 3 9 0 4 E  0 2 0 . 6 1 2 7 7 9 E 0 2
M N W D 26 * * I T E R A T I O N  C Y C L E 0 * C O S T  F U N C T I O N V A L U E  0 . 6 3 3 0 3 J E 1 2
P A R A M E T E R VEC TOR C . 9 9 0 0 1 2 E 0 2 0 . 4 6 4 4 4 6 E 0 2 0 . 6 5 4 0 I O E  0 2 0 . 9 6 9 9 4 SE 0 2
0 . 9 8 9 9 6 2 C 0 4 0 . 6 2 9 1 S 6 E 0 2 0 . 9 3 7 2 B I E  0 2 0 . B T 6 9 3 3 E 0 2
C . T S 2 7 1 2 E 0 2 0 . 6 7 6 4 3 2 E 0 2 6 . 5 6 3 9 0 4 E 0 2 0 . 6 1 2 7 7 9 2 0 2
9 9 . 0 0  4 6 . 4 *  6 6 . 4 0  9 0 . 9 9  9 9 . 0 0  6 2 . 9 2  9 3 * 7 3  0 7 . 6 9  7 9 . 2 7  6 7 . 6 4  9 0 . 3 9  6 1 . 2 0  
T C * 6 3 1 9 3 0 3 5 1 1 C 4 . 0 0
J o n o OOT L B L T
1 9 .  1 0 9 0 9 . 0 1 4 1 1 . 9 1 6 6 2 . 0 4 2 0
2 9 . 4 9 0 1 9 . 5 0 0 0 2 . 4 2 6 2 2 . 5 0 0 0
3 9 . 2 4 9 0 9 . 2 5 6 7 2 . 9 1 2 2 3 .  1 9 4 4
4 0 . 2 9 2 4 9 . 3 2 1 4 2 6 . 3 0 9 5 2 7 . 5 0 9 3
9 0 . 2 9 0 9 9 . 0 3 1 4 6 . 6 2 2 7 7 . 9 9 1 0
6 7 . 9 0 0 0 0 . 2 6 5 5 6 . 6 0 0 3 7 . 1 4 6 2
7 7 . 6 3 0 6 7 . 9 0 0 0 5 . 0 0 7 7 6 . 6 0 0 3
0 7 . 2 0 9 1 7 . 5 0 0 6 9 . 0 3 9 5 6 . 4 5 0 9
9 7 . 0 7 5 9 7 . 2 0 5 1 9 . 2 6 1 5 5 . 0 3 9 9
1 0 6 . 9 6 0 4 6 . 0 9 5 2 4 . 6 4  0 4 5 . 9 2 7 0
11 6 . 5 7 0 6 6 . 9 3 2 1 0 . 4 0  0 6 6 . 3 0 0 9
1 2 7 . 0 9 4 3 7 . 2 0 9 1 5 . 2 1 6 6 5 . 0 3 9 9
1 3 6 . 5 0 5 6 6 . 0 1 0 4 0 . 4 7 6 5 0 . 9 2 3 0
1 4 0 . 5 6 6 0 7 . 0 6 2 6 0 . 0 0 7 9 9 . 6 4 0 0
1 5 5 . 6 6 4 9 6 . 6 1 7 0 6 . 7 1 9 0 6 . 6 3 3 2
J S B 9 T
1 1 5 . 0 0 0 0 1 4 . 0 0 0 0
2 1 9 . 9 9 7 6 1 5 . 9 9 7 6
3 1 6 . 0 0 0 0 1 5 . 9 9 9 6
4 1 7 . 4 4 6 9 1 0 . 3 3 3 0
5 1 6 . 5 0 0  0 1 6 . 3 1 2 3
1 7 . 0 2 0 1 1 6 . 5 2 0 1
7 1 0 . 0 0 0 0 1 7 . 9 0 0 0
0 1 9 . 2 3 9 1 1 9 . 3 2 3 6
9 1 9 . 2 3 9 1 1 9 . 2 3 9 1
1 0 2 0 . 4 0 5 9 1 9 . 9 0 0 9
11 1 9 . 2 3 9 1 1 9 . 2 3 9 1
1 2 1 9 . 1 5 1 0 1 9 . 2 3 9 1
1 3 1 9 *  7 5 5 0 1 9 . 7 9 9 0
1 4 2 0 . 0 0 0 0 1 9 . 5 3 6 5
1 5 2 0 . 3 6 4 0 2 0 . 3 6 4 0
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